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Abstract

A central theme in extremal graph theory is to understand the relationship between the density
of a graph and the richness of its cycle length spectrum, which is the set of distinct cycle lengths
occurring in the graph. In 1966, Erdős and Hajnal suggested studying s(G) :=

∑
ℓ∈C(G) 1/ℓ as a

measure of the richness of the cycle length spectrum C(G) of a graph G.
Through a series of increasingly strong conjectures, Erdős suggested that the complete bipartite

graphs minimise s(G) among all graphs G with the same average degree. The sharpest such
conjecture, from 1981, states that the graph Kk,n−k minimises s(G) among all n-vertex graphs
with at least k(n − k) edges (where k ≤ n/2). We prove this conjecture for all sufficiently large
k, by showing the stronger statement that any n-vertex graph G with e(G) > (k − 1)(n− k + 1)

and n ≥ 2k satisfies s(G) ≥
∑k

ℓ=2 1/(2ℓ). Moreover, we show that the complete bipartite graph
Kk,n−k is the unique graph with at least k(n− k) edges that achieves equality here.

1 Introduction

The cycle length spectrum of a graph G is the set of its cycle lengths, denoted

C(G) := {ℓ ∈ N : G contains a cycle of length ℓ}.

The study of the richness of the cycle length spectrum in relation to the density of a graph is a
classical theme in extremal graph theory. For example, given the average degree d(G) of a graph
G, must C(G) contain representatives of prescribed congruence classes [1], contain long sequences
of consecutive even lengths [23, 9, 17], or meet prescribed sparse sequences of integers [24, 22, 18]?
As d(G) may be arbitrarily large yet G contain only even cycles, corresponding questions have been
asked for the odd cycle lengths using a chromatic number condition. This type of question is very
different from asking how many cycles are contained in a dense graph, since a graph may contain
a very large number of cycles while realizing only a small collection of cycle lengths. Thus, C(G)
captures the distribution and diversity of cycle lengths, rather than the sheer number of cycles. We
refer the reader to the survey of Verstraëte [25] for a broader account of extremal questions concerning
cycle lengths.

A natural quantitative measure of the richness of the cycle length spectrum was proposed by
Erdős and Hajnal in 1966 [7]. They considered the harmonic sum of the cycle lengths, that is,

s(G) :=
∑

ℓ∈C(G)

1

ℓ
. (1)

The measure s(G) treats different multiplicative scales similarly: the total harmonic mass of integers
in the interval [a, 2a] is approximately log 2. So, for the sum s(G) to be large, G must contain many
cycle lengths on many different scales, with shorter cycles receiving larger weight. In this sense,
s(G) measures not only how many distinct cycle lengths occur in G, but also how broadly they
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are distributed. The harmonic measure also appears naturally in other areas of combinatorics, for
example in the Erdős–Turán conjecture on arithmetic progressions [8].

Erdős and Hajnal [7] asked whether s(G) must diverge as the chromatic number of G, χ(G),
grows. By the discussion above, this is substantially stronger than simply finding many different
cycle lengths: it asks to show that the graph contains many cycle lengths on many scales. Erdős [4]
later suggested that s(G) diverges even if ‘chromatic number’ is replaced by ‘average degree’ in the
assumption, and suggested moreover that any graph G with average degree at least d satisfies

s(G) ≥
(
1

2
− od(1)

)
log d. (2)

The complete balanced bipartite graph with d ≥ 2 vertices on each side shows that the constant 1
2

would be optimal here, as it has cycles of every even length from 4 up to 2d, and has the corresponding
harmonic sum (12 + od(1)) log d.

In the 1980s, Gyárfás, Komlós and Szemerédi [10] confirmed the original conjecture of Erdős and
Hajnal under the average degree condition. More specifically, they showed that there is some c > 0
such that every graph G with average degree d has s(G) ≥ c log d. This confirmed that graphs with
average degree d cannot have their cycle lengths concentrated in fewer than Ω(log d) intervals [a, 2a],
and thus their cycle spectra must be rich at many different scales.

This progress led to an even stronger conjecture, which Erdős proposed in his paper “On the
combinatorial problems which I would most like to see solved”. This article, specially prepared for the
inaugural issue of Combinatorica in 1981, aimed to present a selection of problems Erdős believed were
particularly important for the development of combinatorics and contained many highly influential
problems.

The observation behind strengthening the conjecture was the following: while the complete bi-
partite graph Kd,d demonstrates that the constant 1

2 in (2) would be tight, the average degree of Kd,d

can be increased without adding more cycle lengths by adding vertices to one of its classes. That
is, when n ≥ 2d, Kd,n−d has the harmonic sum of cycle lengths s(Kd,n−d) =

∑d
ℓ=2

1
2ℓ ≈ 1

2 log d and
average degree d(Kd,n−d) which tends to 2d when d is fixed and n grows. The natural conjecture is
then that here Kk,n−k minimises s(G) among all the n-vertex graphs with at least k(n − k) edges,
as follows.

Conjecture 1.1 (Erdős [5]). Let k, n ∈ N satisfy 1 ≤ k ≤ n/2. Among all graphs G with n vertices
and at least k(n− k) edges, the complete bipartite graph Kk,n−k minimises s(G). Equivalently, every
such graph satisfies ∑

ℓ∈C(G)

1

ℓ
≥

k∑
ℓ=2

1

2ℓ
. (3)

Despite consistent attention to this problem over the intervening decades [11, 22, 24], it took more
than 40 years for further progress. Finally, in 2023, Liu and Montgomery [18] confirmed the asymp-
totic prediction of Erdős in (2), in work which also solved the long-standing Erdős–Hajnal odd-cycle
problem. To do so, they developed methods for constructing paths and cycles of prescribed lengths
using sublinear expansion. This is a tool introduced in the 1990s by Komlós and Szemerédi [14, 15]
which in recent years has developed into a central framework in extremal graph theory (see the
surveys by Letzter [16] and Montgomery [19] for more details).

With the confirmation of the asymptotic lower bound in (2), it is worth reflecting that the
weighting given to the cycle lengths in s(G) belies how close this is to Conjecture 1.1. Indeed, to
nudge the lower bound on s(G) up by even a constant effectively may require us to find a positive
density of cycle lengths on a new scale.

In this paper, we resolve Conjecture 1.1 for all sufficiently large k. In fact, we establish that
Kk,n−k minimises s(G) even over graphs with a weaker edge condition than in Conjecture 1.1, and
moreover show that Kk,n−k is the only extremal example for the original conjecture, as follows.
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Theorem 1.2. Let k be a sufficiently large integer, and let G be a graph on n vertices, where n ≥ 2k,
with more than (k − 1)(n− k + 1) edges. Then

∑
ℓ∈C(G)

1

ℓ
≥

k∑
ℓ=2

1

2ℓ
. (4)

Moreover, if e(G) ≥ k(n− k), then equality holds if and only if G is a complete bipartite graph with
vertex classes of sizes k and n− k.

The weaker edge condition in Theorem 1.2 (compared to Conjecture 1.1) is best possible. That
is, there are n-vertex graphs with (k − 1)(n − k + 1) edges for which (4) does not hold. Namely,
Kk−1,n−k+1 has (k− 1)(n− k+ 1) edges and no 2k-cycle, so that C(Kk−1,n−k+1) is a strict subset of
C(Kk,n−k) = {4, 6, . . . , 2k} and, hence, s(Kk−1,n−k+1) < s(Kk,n−k).

The motivating idea behind Conjecture 1.1 is that every substantial departure from a complete
bipartite graph must be paid for by an increased harmonic weight of the cycle lengths, and the proof
of Theorem 1.2 confirms this intuition precisely. The proof shows that, for any ε > 0 there is a δ > 0
such that, for large k, any n-vertex graph G with more than (k − 1)(n− k + 1) edges which satisfies
s(G) < s(Kk,n−k) + δ must contain an almost-complete bipartite graph which has itself the cycle
lengths 4, 6, . . . , (1 − ε)2k. In order to confirm (3), we then show that if G is not close to Kk,n−k

there is either a scale at which G has an abundance of odd cycles, or a new scale (beyond (1− ε)2k)
at which G has an abundance of cycles.

In this form, the proof falls under the conceptual framework of the ‘stability method’ which has
seen great success in the study of dense graphs [21, 13]. That is, many exact extremal results in
graph theory have been shown by arguing that any graph close to meeting some extremal condition
must be structurally close to a precise extremal example for the problem. This proximity allows us to
obtain additional structural properties, which makes it easier to show the exact extremal condition.

For sparse graphs, this framework arises much more rarely and inexactly. For example, graphs
falling under Theorem 1.2 with s(G) ≤ (1 + ε)s(Kk,n−k) (for any fixed ε > 0) vary broadly in their
composition and the structural properties they share are much weaker. If we consider such graphs
with some basic properties (which we will show hold in a minimal counterexample to Theorem 1.2),
then what they do share is suggested by the above discussions: they contain almost-complete bipartite
graphs (which form the bedrock of the structures that we will call clusters). This can be roughly
recovered from the work of Liu and Montgomery [18], and with only a little modification (confirmed
in Appendix A) we can use this work as a ‘black box’. However, much more work needs to be done
to understand the structural properties of near-extremal examples and use these to find more cycle
lengths. We discuss our strategy and the new ideas required to implement it in Section 2.

Notation. For a graph G, we write |G| for the number of vertices in G, and e(G) for the number
of edges. For a vertex v ∈ V (G), we write NG(v) (dG(v)) for the set (number) of neighbours of v
in G, and NG(v, U) (dG(v, U)) for the set (number) of neighbours of v in some set U ⊆ V (G). The
average degree of a graph G is denoted by d(G). The neighbourhood of a set U ⊆ V (G) is defined
as N(U) = {v ∈ V (G)\U : N(v) ∩ U ̸= ∅}. Finally, when stating our results, we use the standard
parameter hierarchy notation, where ε ≪ δ ≪ 1 should be read as: ‘the statement holds for every
sufficiently small parameter δ, and every ε which is sufficiently small as a function of δ’. We typically
do not specify how small we need the parameters to be, but the requirements could in principle be
computed explicitly. We also omit integer parts where they are not essential to the arguments.

Paper organisation. In Section 2, we outline our proof, in which we will take a minimal counterex-
ample to Theorem 1.2 and show it contains structures we call clusters. In the same section, we recall
the tools we will use in our proof. In Section 3 we discuss the properties of a minimal counterexam-
ple, such as its minimum degree, number of vertices and connectivity. Properties of clusters will be
shown in Section 4. Then, in Section 5, we will prove the important statement that most vertices of
G are contained in any maximal edge-disjoint collection of clusters. Finally, we prove Theorem 1.2
in Section 6.
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2 Proof outline and preliminaries

2.1 Sketch of the proof

In order to prove Theorem 1.2, we assume to the contrary that it is false and study the properties of
a minimal counterexample. That is, having chosen our large k0 as in the statement of Theorem 1.2,
we take the smallest possible n for which there is some k ≥ k0 with n ≥ 2k for which there is some
n-vertex graph G with more than (k−1)(n−k+1) edges for which either a)

∑
ℓ∈C(G)

1
ℓ <

∑k
ℓ=2

1
2ℓ or

b)
∑

ℓ∈C(G)
1
ℓ =

∑k
ℓ=2

1
2ℓ , e(G) ≥ k(n− k) and G is not a copy of Kk,n−k. As we show in Section 3.1,

G must then have minimum degree at least k, be 2-connected and satisfy a further connectivity
condition (see Lemma 3.1). More importantly, however, is that we then show that G is not too
small, as, in fact, we will have n > k1.02 (see Lemma 3.2). Indeed, if n is smaller, then we can
combine results of Liu and Ma (Theorem 2.3) and Gould, Haxell and Scott (Theorem 2.4) to find
enough cycles with length in [4, 2k] (with some different structure according to different cases) to
reach a contradiction.

Assuming, then, that n > k1.02, as e(G) > (k−1)(n−k+1), we get that the average degree d(G)
of G is at least (1−o(1))2k (in contrast to when n is small when it may be close to k). Therefore, we
can find a subgraph Γ ⊂ G with similarly good minimum degree, average degree at least only a little
below 2k and which is a sublinear expander. Here, a sublinear expander is a graph satisfying some
weak expansion condition (see Section 5.1). The sublinear expander Γ may be small, and in passing
to it we may have lost the precise minimum degree condition needed for our argument for when G
is small, but the added sublinear expansion condition will allow us to show that Γ will contain an
almost-complete pair (A,B) (or enough different cycle lengths to yield a contradiction).

Definition 2.1. Let ε > 0. A pair (A,B) of disjoint sets A,B ⊆ V (G) is (ε, k)-almost-complete (in
G) if (1− ε)k ≤ |A| < k, |B| ≥ 2k and δ(G[A,B]) ≥ (1− 2ε)k.

If Γ still has many vertices (|Γ| > k1.01) then work of Liu and Montgomery (in the slightly
modified form of Theorem 5.13) applies; with only a little additional work (see Section 5.3), in this
case we also get that Γ must contain an almost-complete pair.

Overall, these elements combine to show that our minimal counterexample G must contain an
almost-complete pair (A,B). Because of the large density of edges between A and B, it is easy to find
many cycles of different lengths between A and B (see Lemma 2.7), and indeed all even cycle lengths
between 4 and 2|A| ≥ (1 − ε)2k. In comparison to Kk,n−k, then, we will need to find some other
cycle lengths whose harmonic sum is at least the harmonic sum of the even numbers from 2|A|+2 to
2k. Recalling the discussion from the introduction, it would suffice to either a) find a new scale at
which there is a positive density of even cycle lengths, b) find cycles with each even integer length
from 2|A| + 2 to 2k + 2, or c) find a scale at which there is a positive density of odd cycle lengths
(where this scale may be small as we have not yet claimed any odd cycle lengths).

If one were able to find a path of length ℓ, where εk ≪ ℓ ≤ O(k), with both endpoints in A and
with interior disjoint from A∪B, then the argument for constructing cycles between almost-complete
pairs is robust enough to find similar cycles with this path inserted into it, and thus find the cycle
lengths as required by a) or b) if these lengths are even or, if they are odd, enough for c). Similarly,
if G contained two edge-disjoint almost-complete pairs, (A1, B1) and (A2, B2) intersecting in at least
four vertices and (say) at most k/2 vertices, then we can similarly find the lengths for a) or b).

This now gives us a feeling for what G might look like: G may consist of a collection of almost-
complete pairs which are essentially vertex disjoint with edges added between them (to ensure mini-
mum degree at least k) so that there is no path εk ≪ ℓ ≤ O(k) with both endpoints in the smaller
side of any one of the almost-complete pairs. Where this occurs, we might hope to find a cycle which
passes between many different almost-complete pairs often enough, that by varying its length using
the almost-complete pairs we can find many different cycle lengths at a new scale (depending on
whether they are odd or even cycles then we might satisfy a) or c) above).

This brief sketch is essentially what we do, but in order to make it work we extend the almost-
complete pairs to structures we call clusters (see Definition 2.2 for a precise definition). At the core
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of a cluster will be an almost complete pair (A,B), and the cluster can then be formed by iteratively
adding vertices with degree at least 2 into the cluster vertices so far.

We will then take an edge-disjoint collection of clusters H = {H1, . . . ,Ht} which maximises the
number of covered edges of G. Moreover, subject to this constraint, we will choose H which minimises
the number of clusters t. It turns out that this collection of clusters will cover almost all of the vertices
of G. In fact, it will cover all but fewer than O(|H|) vertices (see Lemma 5.1). In particular, this will
show that H contains at least one cluster. In Section 6, we will complete the proof of Theorem 1.2 in
two cases, when there is only one cluster (encapsulated in Lemma 6.1 and proved in Section 6.1) and
when there are at least two clusters (encapsulated in Lemma 6.4 and proved in Section 6.2). Before
we prove each of these cases, we sketch our approach in more detail.

In the rest of this section, we define clusters precisely and introduce our notation for them, before
recalling some results from the literature on cycles and then proving a simple property of cycles
in almost-complete pairs. In Section 3, we prove some properties of a minimal counterexample to
Theorem 1.2. In Section 4, we prove some properties of clusters in a minimal counterexample. In
Section 5, we prove our key lemma, Lemma 5.1, which shows that a maximal collection of clusters
covers most of the vertices in the graph. Finally, in Section 6, we complete the proof of Theorem 1.2
as outlined above.

2.2 Definition and notation of clusters

We use the following definition for clusters, a key part of our proof as outlined in the above proof
sketch.

Definition 2.2. A subgraph H ⊆ G is a (ε, k)-cluster if there is some ℓ ≥ 0 for which there is a
strictly increasing chain X(0) ⊊ X(1) ⊊ · · · ⊊ X(ℓ) = V (H) satisfying the following two properties.

i) X(0) = A ∪B, where (A,B) is (ε, k)-almost-complete in H.

ii) For every i ∈ [ℓ] and v ∈ X(i)\X(i−1), we have |NH(v)∩X(i−1)| ≥ 2, and |NH(v)∩X(i−2)| ≤ 1.

For this definition, we take X(−1) = ∅ where relevant.
Note that adding edges to a cluster maintains it being a
cluster. Additionally, adding a vertex which has two edges
into a cluster maintains it being a cluster. Indeed, retain
the same almost-complete pair X(0) and define the sub-
sequent sets iteratively, at each step adding all remaining
vertices having at least two neighbours in the current set.
Every original vertex is eventually added, and so is the new
vertex. Moreover, a vertex added at a given step had at
most one neighbour two steps earlier, by the choice of the
step at which it first enters.

X(2)

X(1)

X(0)

A B

Figure 1: A cluster of depth two,
where X(0) = A ∪B.

When it is not completely clear which cluster we consider, we will write X(i)(H), A(H), B(H)
to denote the corresponding vertex subsets of the cluster H.

2.3 Results on cycle lengths

We will use the following result of Liu and Ma [17] on arithmetic progressions of cycle lengths in
bipartite graphs.

Theorem 2.3. Let k ∈ N and let G be a bipartite graph with δ(G) ≥ k. Then, C(G) contains an
arithmetic progression of length k − 1 with common difference two.

We will also use the following result of Gould, Haxell and Scott [9, Theorem 1].
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Theorem 2.4. There exists C > 0 such that the following holds for each c ∈ (0, 1) with K = C · c−5.
Let G be a graph with n ≥ 45K/c4 vertices and minimum degree at least cn. Then G contains a cycle
of length ℓ for every even integer ℓ ∈ [4, ec(G)−K] and every odd integer ℓ ∈ [K, oc(G)−K], where
ec(G) and oc(G) are the lengths of the longest even and odd cycle in G, respectively.

We will use the following result of Brandt [2] on cycles in non-bipartite dense graphs.

Theorem 2.5. Any non-bipartite n-vertex graph G with more than 1
4(n − 1)2 + 1 edges contains

cycles of all possible lengths from 3 up to the length of a longest cycle in G.

Finally, we will use the following classical result of Erdős and Gallai [6].

Theorem 2.6. Any graph G with d(G) ≥ 2 has a cycle with length at least d(G).

2.4 Paths in almost-complete pairs

Here we confirm the robust existence of paths in almost-complete pairs (see Definition 2.1).

Lemma 2.7. Let 1/k ≪ ε ≪ 1. Let G be a graph containing an (ε, k)-almost-complete pair (A,B).
Let F ⊂ A ∪ B satisfy |F | ≤ k/10. Then, for any distinct vertices u, v ∈ A\F and any integer
2 ≤ ℓ ≤ |A\F | − 1, G[A,B]− F contains a u, v-path of length 2ℓ.

Proof . Set a := |A \ F | ≥ (9/10 − ε)k. Create an auxiliary graph L with vertex set A \ F and, for
each distinct x, y ∈ V (L), an edge xy ∈ E(L) when |NG(x,B) ∩ NG(y,B)| ≥ k/2. Then, using the
definition of an (ε, k)-almost-complete pair, for each x ∈ V (L) there are at most 2εk · |NG(x,B)|
non-edges between NG(x,B) and A \ F in G. Thus, at most k/10 vertices in A \ F can have more
than 20ε|NG(x,B)| non-neighbours in NG(x,B). As |NG(x,B)| ≥ (1 − 2ε)k, we therefore have
dL(x) ≥ |A \ (F ∪ {x})| − k/10 ≥ a− 1− k/10 ≥ 7a/8. Thus, δ(L) ≥ 7|V (L)|/8.

Now, let u, v ∈ A\F be distinct and let ℓ ∈ N satisfy 2 ≤ ℓ ≤ |A\F | − 1. We now find a path,
P say, in L with length ℓ. If ℓ ≤ 3a/4, then this can be done greedily from the minimum degree
condition, building a path of length ℓ− 2 from u and then finding a common neighbour to attach it
to v. If ℓ ≥ 3a/4, then this can be done by removing |A \ F | − ℓ− 1 ≤ a/4 vertices of V (L) \ {u, v}
from L and noting that the resulting graph, L′ say, has minimum degree at least (|L′| + 1)/2 and
hence has a Hamilton path from u to v by a standard variant of Dirac’s theorem (see [3, 20]).

Then, create a bipartite auxiliary graph L∗ with vertex classes E(P ) and B \ F where, for each
xy ∈ E(P ) and b ∈ B \ F we put an edge (xy)b in L∗ if b ∈ NG(x) ∩ NG(y). As P ⊂ L, each
xy ∈ E(P ) satisfies dL∗(xy) ≥ k/2 − |B ∩ F | ≥ 2k/5. Furthermore, for each b ∈ B \ F , we have
that eb ∈ E(L∗) for all but at most 4εk edges e ∈ E(P ) as b has at most 2εk non-neighbours in
A \F . We claim that Hall’s matching condition holds from E(P ) into B \F in L∗. Indeed, consider
some X ⊆ E(P ). If |X| ≤ 2k/5, then picking any xy ∈ X we have |N(X)| ≥ dL∗(xy) ≥ 2k/5. If
|X| > 2k/5, then for every b ∈ B \ F , the non-neighbourhood of b is too small to contain X —
and so |NL∗(X)| = |B \ F | ≥ 2k − k/10 ≥ |X|. So by Hall’s Theorem, we can find distinct vertices
be ∈ B \ F , e ∈ E(P ), such that ebe ∈ E(L∗) for each e ∈ E(P ). Replacing each edge xy ∈ E(P ) on
the path P by the edges xbxy and bxyy (which are in G as (xy)bxy ∈ E(L∗)), we get a u, v-path of
length 2ℓ in G, as required.

For convenience, we will note the following corollary on the cycle lengths in almost complete
pairs.

Corollary 2.8. Let 1/k ≪ ε ≪ 1. Let G be a graph containing an (ε, k)-almost-complete pair (A,B).
Then, G[A,B] contains a cycle of any even length between 4 and 2|A|.

Proof . Firstly, note that any two vertices of B have at least (1− 4ε)k ≥ 2 common neighbours in A,
and therefore G contains a cycle of length 4 as |B| ≥ 2k ≥ 2. Then, let ℓ satisfy 2 ≤ ℓ ≤ |A|−1. Pick
b ∈ B and distinct vertices u, v ∈ N(b)∩A. By Lemma 2.7 there exists a u, v-path Puv in G[A,B]− b
with length 2ℓ. Using the edges ub and bv to close Puv into a cycle now gives a cycle of length 2ℓ+2.
Thus, G[A,B] contains a cycle of any even length between 4 and 2|A|, as required.
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3 Properties of a minimal counterexample

In this section, we prove some useful properties of a minimum counterexample to Theorem 1.2. In
Section 3.1 we study its connectivity and its minimum degree, while in Section 3.2 we show that it
is quite large, that is, n > k1.02.

3.1 Connectedness and minimum degree of a minimum counterexample

The properties we show here for a minimum counterexample (i.e., those in Lemma 3.1) will follow
rather straight-forwardly as long as we can show that the number of vertices in the counterexample,
n, is larger than 2k. If n = 2k, then, as e(G) ≥ k2 with equality only when G is a copy of Kk,k, we
have that G is not bipartite. This allows us to combine a result of Brandt (Theorem 2.5) with the
classical Erdős-Gallai theorem (Theorem 2.6) to show that G contains cycles of all lengths between
3 and k, and thus harmonic sum in excess of

∑k
ℓ=2

1
2ℓ , as shown below, a contradiction.

Lemma 3.1. Let 1/k0 ≪ 1. Let n be the least integer for which there is an integer k0 ≤ k ≤ n/2 and
an n-vertex graph G with more than (k−1)(n−k+1) edges for which either a)

∑
ℓ∈C(G)

1
ℓ <

∑k
ℓ=2

1
2ℓ

or b)
∑

ℓ∈C(G)
1
ℓ =

∑k
ℓ=2

1
2ℓ , e(G) ≥ k(n− k) and G is not a copy of Kk,n−k.

Then, n ≥ 2k+1 and any such graph G satisfies the following. i) δ(G) ≥ k. ii) G is 2-connected.
iii) There is no partition V (G) = A ∪ S ∪B with |S| ≤ k − 1 and |A ∪ S|, |B ∪ S| ≥ 2k + 2 in which
S separates A and B.

Proof . Let G be a graph demonstrating the minimality of n. We will first show that n ≥ 2k + 1.
Since by assumption we have n ≥ 2k, suppose to the contrary that n = 2k. Then, we have e(G) ≥
(k − 1)(k + 1) + 1 = k2. As neither a) nor b) holds when G is a copy of Kk,k (the only 2k-vertex
bipartite graph with k2 edges), G is thus not bipartite. Therefore, by Theorem 2.5, as e(G) ≥ k2 >
1
4(2k − 1)2 + 1, C(G) contains each integer ℓ with 3 ≤ ℓ ≤ max C(G). As d(G) ≥ 2e(G)/(2k) ≥ k, by
Theorem 2.6, we have that max(C(G)) ≥ k, and hence C(G) contains each integer ℓ with 3 ≤ ℓ ≤ k.
Thus, ∑

ℓ∈C(G)

1

ℓ
−

k∑
ℓ=2

1

2ℓ
≥

k∑
ℓ=3

1

ℓ
−

k∑
ℓ=2

1

2ℓ
=

(1
3
+

1

4
− 1

4
− 1

6
− 1

8

)
+

k∑
ℓ=5

(1
ℓ
− 1

2ℓ

)
> 0. (5)

This contradicts
∑

ℓ∈C(G)
1
ℓ ≤

∑k
ℓ=2

1
2ℓ , and thus n ≥ 2k + 1.

Using this, we now show i) that δ(G) ≥ k. Indeed, if some vertex v ∈ V (G) has degree at most
k−1, then G′ := G−v has n−1 vertices and e(G′) ≥ e(G)−(k−1) > (k−1)(n−k). As n−1 ≥ 2k, by
the minimality of n, we must then have that neither a) nor b) holds with (G′, n−1) in place of (G,n).
As

∑
ℓ∈C(G′)

1
ℓ ≤

∑
ℓ∈C(G)

1
ℓ , this is only possible if b) holds for (G,n) but b) does not hold with

(G′, n−1) in place of (G,n). Thus, we have e(G) ≥ k(n−k),
∑

ℓ∈C(G)
1
ℓ ≤

∑k
ℓ=2

1
2ℓ and that G is not

a copy of Kk,n−k. As e(G
′) ≥ e(G)− (k− 1) > k(n− 1− k), and

∑
ℓ∈C(G′)

1
ℓ ≤

∑
ℓ∈C(G)

1
ℓ ≤

∑k
ℓ=2

1
2ℓ ,

we must have that G′ is a copy of Kk,n−1−k, which contradicts e(G′) > k(n− 1− k). Thus, we have
δ(G) ≥ k.

Next we show ii) that G is 2-connected. Suppose to the contrary that there is some minimal
U ⊂ V (G) with |U | ≤ 1 for which G − U is disconnected. Let V (G − U) = A1 ∪ A2 be a partition
into non-empty sets so that there are no edges between A1 and A2 in G. For each i ∈ [2], let
Gi = G[Ai ∪ U ]. Then, |G1|+ |G2| − 1 ≤ |G| and e(G) = e(G1) + e(G2).

As δ(G) ≥ k, each vertex in G1 − U has degree at least k in G1. Thus, |G1| ≥ k + 1, and if
U = ∅, then d(G1) ≥ δ(G1) ≥ k. If U ̸= ∅, then there is at least one edge from U to V (G1) \ U ,

whereupon 2e(G1) ≥ 1+(|G1|−1)k, so that d(G1) >
(|G1|−1)k

|G1| ≥ k−1. Thus, in either case, we have

d(G1) > k − 1. Similarly, we have d(G2) > k − 1.
We will show that we can assume (by relabelling G1 and G2 if necessary) that |G1| < 2k and

e(G1) >
1
4(|G1| − 1)2 + 1. First, suppose that b) holds in the statement of the lemma for G. Then,

as
k(|G1| − (k + 1)/2) + k(|G2| − (k + 1)/2) ≤ k(n− k) ≤ e(G)
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without loss of generality, we can assume that e(G1) ≥ k(|G1| − (k+ 1)/2). As G1 is therefore not a
copy of Kk,|G1|−k, to avoid a contradiction we must have that |G1| < 2k. Thus, as |G1| ≥ k + 1 and
|G1| < 2k, we have

e(G1) ≥ k

(
|G1| −

k + 1

2

)
≥

(
|G1| − 1

2

)(
|G1|+ 1

2

)
>

1

4
(|G1| − 1)2 + 1.

Thus, if b) holds in the statement of the lemma for G, |G1| < 2k and e(G1) >
1
4(|G1| − 1)2 + 1.

Suppose, then, that a) holds in the statement of the lemma for G. Note that, if e(Gi) <
(k − 1)(|Gi| − k/2) for each i ∈ [2], then

e(G) < (k − 1)(|G1|+ |G2| − k) ≤ (k − 1)(n− k + 1),

a contradiction. Therefore, without loss of generality, we can assume that e(G1) ≥ (k−1)(|G1|−k/2).
As

∑
ℓ∈C(G1)

1
ℓ ≤

∑
ℓ∈C(G)

1
ℓ <

∑k
ℓ=2

1
2ℓ and e(G1) ≥ (k−1)(|G1|−k/2) > (k−1)(|G1|−k+1) (using

1/k ≪ 1), by the minimality of n we must have that |G1| < 2k.
Let n1 = |G1|, so that n1 ≤ 2k − 1 and e(G1) ≥ (k − 1)(n1 − k/2). Now, as n1 < 2k (and hence

1
2(n1 − 1) ≤ k − 1), we have

e(G1) ≥ (k − 1)(n1 − k/2) ≥ 1

4
(n1 − 1)(2n1 − k) ≥ 1

4
(n1 − 1) · n1 >

1

4
(n1 − 1)2 + 1, (6)

where we have used that n1 ≥ k and 1/k ≪ 1.
Thus, whichever of a) or b) holds for G, we can assume that |G1| < 2k and e(G1) >

1
4(|G1| −

1)2 +1. Furthermore, then, as each vertex in G1 −U has degree at least k in G1, and |G1| < 2k, any
two vertices in G1 − U have a common neighbour in G1. Therefore, as no such pair can be opposite
parts of a bipartition of G1 (and δ(G1 − U) > 0), G1 must be non-bipartite.

As d(G1) > k− 1, by Theorem 2.6, G1 has a cycle with length at least k. Thus, by Theorem 2.5,
C(G1) contains each integer ℓ with 3 ≤ ℓ ≤ k. Similarly to (5), this implies that

∑
ℓ∈C(G) 1/ℓ ≥∑

ℓ∈C(G1)
1/ℓ >

∑k
ℓ=2 1/(2ℓ), contradicting

∑
ℓ∈C(G)

1
ℓ ≤

∑k
ℓ=2

1
2ℓ . Therefore, we must have that G is

2-connected.
Finally we show that iii) holds. Suppose, for contradiction, that there does exist such a partition

V (G) = A ∪ S ∪ B, and denote the cardinalities of these sets by a, s and b respectively. Then, we
have a+ b+ s = n and 2k + 2 ≤ |A ∪ S|, |B ∪ S| < n.

Suppose that the condition a) holds. If e(G[A ∪ S]) ≤ (k − 1)(a+ s− k + 1) and e(G[B ∪ S]) ≤
(k − 1)(b+ s− k + 1), then

e(G) ≤ e(G[A ∪ S])+e(G[B ∪ S]) ≤ (k−1)(a+s−k+1) + (k−1)(b+s−k+1)

= (k−1)(a+b+s−k+1) + (k−1)(s−k+1) ≤ (k−1)(n−k+1),

contradicting the assumption on e(G). Thus, either G[A ∪ S] has more than (k − 1)(a + s − k + 1)
edges or G[B∪S] has more than (k−1)(b+s−k+1) edges. Suppose, by relabelling if necessary, that
e(G[A ∪ S]) > (k − 1)(a+ s− k + 1). Then, by minimality of n (using that 2k + 2 ≤ a+ s < n), we
have

∑
ℓ∈C(G[A∪S])

1
ℓ ≥

∑k
ℓ=2

1
2ℓ , so that

∑
ℓ∈C(G)

1
ℓ ≥

∑
ℓ∈C(G[A∪S])

1
ℓ ≥

∑k
ℓ=2

1
2ℓ , which contradicts

a).
Suppose, then, that the condition b) holds. If e(G[A ∪ S]) ≤ k(a + s − k) and e(G[B ∪ S]) ≤

k(b+ s− k), then

e(G) ≤ e(G[A∪S])+e(G[B∪S]) ≤ k(a+s−k)+k(b+s−k) = k(a+b+s−k)+k(s−k) < k(n−k),

which contradicts the assumption b). Therefore, by relabelling if necessary, we can assume that
e(G[A ∪ S]) > k(a + s − k). By the minimality of n, as 2(k + 1) ≤ a + s < n, we know that
there is no graph G′ with e(G′) > k(a + s − k) and

∑
ℓ∈C(G′)

1
ℓ <

∑k+1
ℓ=2

1
2ℓ . Therefore, we must

have
∑

ℓ∈C(G[A∪S])
1
ℓ ≥

∑k+1
ℓ=2

1
2ℓ >

∑k
ℓ=2

1
2ℓ , and hence

∑
ℓ∈C(G)

1
ℓ ≥

∑
ℓ∈C(G[A∪S])

1
ℓ >

∑k
ℓ=2

1
2ℓ ,

contradicting the assumption b). This achieves a contradiction in all cases, and thus iii) holds.

8



3.2 A minimal counterexample is quite large

We now confirm that the minimal counterexample is quite large (with more than k1.02 vertices). The
main tools we use for this are the results of Liu and Ma (Theorem 2.3), Gould, Haxell and Scott
(Theorem 2.4) and Erdős and Gallai (Theorem 2.6), which otherwise we can combine to find enough
cycles with length in [4, 2k] to reach a contradiction.

Lemma 3.2. Let 1/k0 ≪ 1. Let n be the least integer for which there is an integer k0 ≤ k ≤ n/2 and
an n-vertex graph G with more than (k−1)(n−k+1) edges for which either a)

∑
ℓ∈C(G)

1
ℓ <

∑k
ℓ=2

1
2ℓ

or b)
∑

ℓ∈C(G)
1
ℓ =

∑k
ℓ=2

1
2ℓ , e(G) ≥ k(n− k) and G is not a copy of Kk,n−k. Then, n > k1.02.

Proof . Let G be a graph demonstrating the minimality of n. Assume, for contradiction, that n ≤
k1.02. By Lemma 3.1, we have that δ(G) ≥ k and G is 2-connected. Using Theorem 2.4, let C be
such that the property in that theorem holds. Let c = k−0.02/2, so that δ(G) ≥ k ≥ cn. Then,
setting K = C · c−5, and using that, as 1/k ≪ 1, K ≤ k0.2 and n ≥ k ≥ 45K/c4, by the property of
C applied with G, C(G) contains all even cycle lengths between 4 and ec(G) −K and all odd cycle
lengths between K and oc(G)−K.

We now show that G is bipartite. Suppose otherwise, for contradiction. Let S be a longest odd
cycle of G, and suppose that |S| ≤ k/3. Then, δ(G − S) ≥ 2k/3 so that, by Theorem 2.6, G − S
contains a cycle, S′ say, with length at least 2k/3. As G is 2-connected, by Menger’s theorem, G
contains two vertex-disjoint paths from V (S) to V (S′). Observe that these two paths, in conjunction
with S and S′, contain an odd cycle with length at least |S′|/2 + 3 ≥ k/3. Thus, oc(G) ≥ k/3.

As G contains a bipartite subgraph with average degree at least d(G)/2 ≥ k/2, by Theorem 2.6
again we have ec(G) ≥ d(G)/2 ≥ k/2. Therefore, we have

∑
ℓ∈C(G)

1

ℓ
=

∑
ℓ∈C(G):ℓ=0mod 2

1

ℓ
+

∑
ℓ∈C(G):ℓ=1mod 2

1

ℓ
≥

⌊k/4−K⌋∑
ℓ=2

1

2ℓ
+

⌊k/6−K⌋∑
ℓ=⌈K⌉

1

2ℓ− 1

≥ 1

2

⌊k/5⌋∑
ℓ=2

1

ℓ
+

1

2

⌊k/7⌋∑
ℓ=⌈k0.2⌉

1

ℓ
≥ 1

2

(
log

k

5
− 1

)
+

1

2
log

k

14k0.2
>

1

2
log k ≥

k∑
ℓ=2

1

2ℓ
,

a contradiction. Thus, G is bipartite.
Therefore, by Theorem 2.3, C(G) contains an arithmetic progression of length k−1 with common

difference two. As ec(G) ≥ k, and C(G) contains every even number between 4 and ec(G)− k0.2, we
therefore have that C(G) contains all even cycle lengths between 4 and 2k (either ec(G) ≥ 2k + k0.2

in which case “between 4 and ec(G)− k0.2” gives what we want, or else ec(G) < 2k + k0.2 in which
case the progression starts at some a ≤ 2k + k0.2 − 2(k − 2) < k − k0.2 ≤ ec(G) − k0.2 and ends
at a + 2(k − 2) ≥ 4 + 2(k − 2) = 2k. In the latter case we have all even numbers from 4 to
ec(G)−k0.2 and from a to a+2(k−2) which together contain all even numbers from 4 to 2k). Thus,∑

ℓ∈C(G)
1
ℓ ≥

∑k
ℓ=2

1
2ℓ and, furthermore, there must be no cycle in G with length at least 2k + 2 as

otherwise we have
∑

ℓ∈C(G)
1
ℓ >

∑k
ℓ=2

1
2ℓ .

Thus, we have
∑

ℓ∈C(G)
1
ℓ ≥

∑k
ℓ=2

1
2ℓ and G has no cycle with length at least 2k + 2. As a) in

the statement of the lemma does not hold, we have that e(G) ≥ k(n − k) and G is not a copy of
Kk,n−k. If G contains a subgraph with minimum degree k+1, then, by Theorem 2.3 applied to such
a subgraph, C(G) contains an arithmetic progression of length k of common difference two, and hence
a cycle with length at least 2k + 2, a contradiction. Therefore, we can iteratively remove vertices
from G until we reach a subgraph G′ ⊂ G with 2k vertices and at least k(|G′| − k) = k2 edges, which
therefore is a balanced, complete bipartite graph.

If G−V (G′) contains an edge uv, then, as G is 2-connected, there is (through uv) a path, P say,
from V (G′) to V (G′) with length at least 3. Joining this to a path in V (G′) between its endpoints
of length ≥ 2k− 2 we get a cycle of length at least (2k− 2) + 3 = 2k+ 1. Since this is an even cycle
it has length ≥ 2k + 2, a contradiction. Letting V (G′) = A ∪ B be the bipartition of G′ (so that
|A| = |B| = k), as G has no cycle of length 2k + 2, there is no pair of vertices a, b ∈ V (G) \ V (G′)
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with dG(a,B) ≥ 2 and dG(b, A) ≥ 2. Therefore, as δ(G) ≥ k, we must have that G is a copy of
Kk,n−k, a contradiction.

4 Properties of clusters in a minimal counterexample

In this section, we will establish several properties of clusters, which we gather into Lemma 4.2. We
will use the following definition.

Definition 4.1. A cluster cycle is a collection of s ≥ 2 edge-disjoint clusters H1, . . . ,Hs and s
vertex-disjoint paths P1, . . . , Ps, each of length at most 4, such that, for each j ∈ [s], Pj starts in Hj

and ends in Hj+1, where the indices are considered modulo s (i.e., Hs+1 = H1).

Lemma 4.2. Let 1/k0 ≪ ε ≪ 1. Let n be the least integer for which there is an integer k0 ≤ k ≤ n/2
and an n-vertex graph G with more than (k − 1)(n − k + 1) edges for which either a)

∑
ℓ∈C(G)

1
ℓ <∑k

ℓ=2
1
2ℓ or b)

∑
ℓ∈C(G)

1
ℓ =

∑k
ℓ=2

1
2ℓ , e(G) ≥ k(n− k) and G is not a copy of Kk,n−k. Let G be such

a graph.
Then, the following properties hold.

a) If H1 and H2 are (ε, k)-clusters in G, then we have that either H1 ∪H2 is an (ε, k)-cluster, or
|(A(H1) ∪B(H1)) ∩ (A(H2) ∪B(H2))| ≤ 3.

b) For every (ε, k)-cluster H in G and every distinct u, v ∈ V (H), there are vertex-disjoint paths
from u to A(H)∪B(H) and from v to A(H)∪B(H) of length at most 3εk each. In particular,
the diameter of H is at most 6εk + 4.

c) G does not contain a cluster cycle of edge-disjoint (ε, k)-clusters in which no union of two
clusters is itself a (ε, k)-cluster.

We will now prove the statements of Lemma 4.2a)–c) in Sections 4.1–4.3, respectively.

4.1 Vertex-intersecting clusters: Proof of Lemma 4.2 a)

We will now prove Lemma 4.2a) by showing that any two clusters whose union is not a cluster
cannot overlap significantly. We do this by contradiction, showing in several different cases that
vertex overlaps of edge-disjoint clusters lead to enough additional cycles to violate the conditions of
a minimal counterexample.

Proof of Lemma 4.2 a). Suppose H1 and H2 are (ε, k)-clusters in G such that H1 ∪ H2 is not an
(ε, k)-cluster. Let Ai = A(Hi) and Bi = B(Hi) for each i ∈ [2]. We will show that |V (H1)∩B2| ≤ 1,
|V (H2) ∩ B1| ≤ 1 and |A1 ∩ A2| ≤ 1, and hence the required bound on |(A1 ∪ B1) ∩ (A2 ∪ B2)| will
hold. Let H be an (ε, k)-cluster of G with E(H1) ⊂ E(H) ⊂ E(H1 ∪ H2) which maximises e(H).
Note that, by this maximality, there is no vertex v ∈ V (H2) \ V (H) with at least two neighbours in
V (H) in H2, for otherwise we could add v and its neighbouring edges into V (H) in H2 to H and get
a contradiction.

Now, suppose that |V (H)∩B2| ≥ 2, so that we may take distinct vertices v1, v2 ∈ V (H)∩B2. By
the definition of the (ε, k)-cluster H2, we have |NH2(vi, A2)| ≥ (1−2ε)k for each i ∈ [2], and |A2| < k.
Then, for all but at most 4εk vertices a ∈ A2 we have v1, v2 ∈ NH2(a). For each such a ∈ A2, by the
maximality of H we have a ∈ V (H). Therefore, as each b ∈ B2 has degree at least (1 − 2ε)k in A2

in H2, each b ∈ B2 has at least (1− 2ε)k − (k − 4εk) ≥ 2 neighbours in H2 in A2 ∩ V (H). Thus, by
the maximality of H, we have B2 ⊂ V (H). Then, every vertex a ∈ A2 (i.e., not just those a with
a ∈ NH2(v1) ∩NH2(v2)) has at least 2 neighbours in H2 in V (H), so that, by the maximality again,
A2 ⊂ V (H).

Using the definition of an (ε, k)-cluster in G, we can order the vertices in V (H2) \ (A2 ∪ B2)
so that each vertex in this sequence has at least two neighbours in A2 ∪ B2 or among the previous
vertices in the sequence. Therefore, by the maximality, as A2 ∪ B2 ⊂ V (H), there is no earliest
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vertex in the sequence which is not in V (H), and, hence, V (H2) ⊂ V (H). As adding any set of edges
within an (ε, k)-cluster to it cannot spoil the (ε, k)-cluster property, we thus have that H = H1∪H2,
contradicting that H1 ∪H2 is not an (ε, k)-cluster.

Therefore, we have that |V (H)∩B2| ≤ 1, and, thus, |V (H1)∩B2| ≤ 1. By a symmetric argument,
we also must have that |V (H2) ∩ B1| ≤ 1. Suppose, then, |A1 ∩ A2| ≥ 2, and take distinct vertices
a1, a2 ∈ A1 ∩ A2. If |A1 ∪ A2| ≥ k + 1, then for each ℓ1, ℓ2 ≥ k/3 with ℓ1 + ℓ2 ≤ k − 1, we can
take disjoint sets A−

1 , A
−
2 ⊂ (A1 ∪ A2) \ {a1, a2} with A−

1 ⊂ A1, A
−
2 ⊂ A2, |A−

1 | = ℓ1 and |A−
2 | = ℓ2.

Note that, for each i ∈ [2], Hi[A
−
i ∪ {a1, a2}, Bi \ V (H3−i)] is (4ε, ℓi + 3)-almost-complete using that

|Bi∩V (H3−i)| ≤ 1, and, thus by Lemma 2.7, there is an a1, a2-path with length 2|A−
i |+2. Combining

these two paths gives a cycle of length 2(ℓ1+ℓ2+2). Thus, C(G) contains a cycle of every even length
from 4⌈k/3⌉+ 4 to 2(k + 1). As, by Corollary 2.8, H1 contains a cycle of every even length between
4 and 2(1 − ε)k, we thus have {4, 6, . . . , 2k + 2} ⊆ C(G). Then,

∑
ℓ∈C(G)

1
ℓ ≥

∑k+1
ℓ=2

1
2ℓ >

∑k
ℓ=2

1
2ℓ ,

contradicting the properties of G.
Thus, we must have |A1 ∪A2| ≤ k. Then, for each v ∈ B2, as v has at least (1− 2ε)k neighbours

in H2 in A2 and |A1| ≥ (1 − ε)k, v has at least (1 − 3ε)k ≥ 2 neighbours in H2 in A1. Thus, as
A1 ⊂ V (H), by the maximality of H we have B2 ⊂ V (H). This contradicts |V (H) ∩ B2| ≤ 1, and
thus we must have |A1 ∩A2| ≤ 1.

4.2 Depth of clusters: Proof of Lemma 4.2 b)

To prove Lemma 4.2b), and only in its proof, we will use the following definition of cluster depth
and depth-decreasing paths.

Definition 4.3. Given a cluster H with strictly increasing chain X(0) ⊊ · · · ⊊ X(r) = V (H), and
v ∈ V (H), we say the depth of the vertex v in the cluster H is the smallest 0 ≤ i ≤ r for which
v ∈ X(i).

We say that a path P is a depth-decreasing path from u if u is an endpoint of P and, if the edges
of P are oriented to be a directed path from u, then for each resulting edge x⃗y the depth of y is
smaller than the depth of x.

We now prove Lemma 4.2b). Again, we work by contradiction, showing that if the paths re-
quired do not exist then we have enough additional cycles to violate the conditions of a minimal
counterexample.

Proof of Lemma 4.2b). Let H be a cluster in G, and set A = A(H) and B = B(H). We start with
the following claim.

Claim 4.4. Let u, v ∈ V (H) and 0 ≤ i ≤ j ≤ r be such that u has depth i and v has depth j in H,
where we may have u = v. Then, there are depth-decreasing paths Pu and Pv in H, from u and v
respectively, of total length at least j, which both end in A∪B and are vertex-disjoint except possibly
at u = v.

Proof . We prove this statement by induction on i + j. If i + j = 0, then u, v ∈ A ∪ B, and we can
take Pu and Pv to be the single-vertex paths containing u and v, respectively. Suppose, then, d > 0
and that the claim holds whenever i+ j < d. Let u, v ∈ V (H) and 0 ≤ i ≤ j ≤ r such that i+ j = d,
u has depth i and v has depth j in H. We now proceed differently according to whether j ≤ i+1 or
j ≥ i + 2. In the first case, by the definition of the cluster, we have |N(v) ∩X(j−1)| ≥ 2. Hence, v
has a neighbour v′ ∈ X(j−1) distinct from u. Since v′ is at depth j′ < j, we can apply the inductive
hypothesis to the pair of vertices v′, u at depths j′ ≤ i, and thus we find depth-decreasing paths
Pv′ , Pu connecting v′, u to A ∪B. Since Pv′ is depth-decreasing, it does not contain v, and therefore
v can be added to Pv′ to obtain a path Pv connecting v to A ∪ B. The total length of the paths
Pu, Pv′ is at least i, and therefore the total length of Pu, Pv is at least i+ 1 ≥ j, as needed.

On the other hand, if j ≥ i+2, let v′ ∈ N(v)∩(X(j−1)\X(j−2)) be a neighbour of v at depth j−1,
which exists since |N(v)∩X(j−1)| ≥ 2 and |N(v)∩X(j−2)| ≤ 1. Applying the inductive hypothesis to
the vertices u, v′ gives two depth-decreasing paths Pu, Pv′ of total length at least j−1, which connect
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u, v′ to A ∪ B. Appending v to Pv′ in the same way as before gives a pair of paths which connect
u, v to A ∪B, of total length at least j, as needed. ⊡

We now show that r ≤ 3εk. Suppose otherwise, and let j = ⌈3εk⌉. Let v be a vertex of depth j in
H. By Claim 4.4, there exist depth-decreasing paths P1, P2 starting at v and ending in A∪B, of total
length at least 3εk, which are vertex-disjoint except for at v. As P1 and P2 are depth-decreasing paths
from v, and v has depth j in H, both P1 and P2 have length at most j. Thus, letting P = P1 ∪ P2,
P is a path from A ∪ B to A ∪ B in G with length between 3εk and 6εk + 2. Using that A,B is
(ε, k)-almost-complete, extend P by up to one edge at each end as required to get a path, P ′ say, with
length between 3εk and 6εk + 4, endvertices in A, no internal vertices in A and at most 2 vertices
in B.

Let t be the length of P ′, let x and y be its endvertices, and let F = B ∩ V (P ) so that |F | ≤ 2.
Let 2 ≤ ℓ ≤ |A| − 1. Then, by Lemma 2.7, there exists an x, y-path with length 2ℓ in G[A,B] − F .
Therefore, combining this with P ′, G contains a cycle with length t+ 2ℓ. As this is true for some t
with 3εk ≤ t ≤ 6εk + 4 and any ℓ with 2 ≤ ℓ ≤ |A| − 1, and |A| ≥ (1 − ε)k, we have that, for each
(1 − ε)k ≤ ℓ ≤ k + 1, G contains a cycle of length 2ℓ − 1 or 2ℓ. Furthermore, by Corollary 2.8, G
has a cycle of length 2ℓ for each 2 ≤ ℓ ≤ (1− ε)k. Thus, for any 2 ≤ ℓ ≤ k+ 1, G contains a cycle of
length 2ℓ− 1 or 2ℓ. Hence, in total, we have

∑
ℓ∈C(G)

1

ℓ
≥

k+1∑
ℓ=2

1

2ℓ
>

k∑
ℓ=2

1

2ℓ
,

a contradiction. Thus, r ≤ 3εk and hence, applying Claim 4.4, the property in the lemma holds as,
for each u, v ∈ V (H) and 0 ≤ i ≤ j ≤ r such that u has depth i and v has depth j in H, the paths
Pu and Pv given have lengths ℓ(Pu) ≤ i ≤ r ≤ 3εk and ℓ(Pv) ≤ j ≤ r ≤ 3εk.

Since H[A ∪ B] has diameter at most 4, u and v can be connected by a path of length at most
6εk + 4, which is obtained by concatenating the paths Pu, Pv and the path of length ≤ 4 connecting
the endpoints of Pu, Pv. □

4.3 No cluster cycle: Proof of Lemma 4.2 c)

Finally in this section, we prove Lemma 4.2 c). We work again by contradiction: where such a cluster
cycle exists, we will take a certain minimal cluster cycle and then find cycles passing through these
cluster cycles, varying the length by changing how we pass through the almost-complete bipartite
graphs in each cluster. In total, this will show we have enough additional cycles to violate the
conditions of a minimal counterexample.

Proof of Lemma 4.2 c). Suppose, for contradiction, that G contains a cluster cycle of edge-disjoint
(ε, k)-clusters, where the union of no two clusters is itself a (ε, k)-cluster. Let s be the minimal length
of such a cluster cycle, and let H1, . . . ,Hs be edge-disjoint clusters which form a cluster cycle in that
order with connecting paths P1, . . . , Ps, which moreover minimise

∑
i∈[s] |Pi|. Throughout this proof,

we will work with indices mod s so that, for example, Ps+1 = P1.
For each i ∈ [s], let Ai = A(Hi) and Bi = B(Hi). Label vertices so that, for each i ∈ [s], Pi is a

yi, xi+1-path with yi ∈ V (Hi) and xi+1 ∈ V (Hi+1). We start with the following claim.

Claim 4.5. If s ≥ 3, then, for each i ∈ [s] the following hold. a) For each j ∈ [s], if i /∈ {j−1, j, j+1},
V (Hi) ∩ V (Hj) = ∅. b) If Pi is a single-vertex path, then |V (Hi) ∩ V (Hi+1)| = 1. c) Pi contains
no vertices in Hj for each j ∈ [s] with j ̸= i, i + 1. d) If |Pi| ≥ 2, then V (Hi) ∩ V (Hi+1) = ∅. e)
|Pi ∩Hj | ≤ 1 for all i, j.

Proof of Claim 4.5. Suppose, for contradiction, that there are distinct non-adjacent clusters Hi, Hj

and some vertex v ∈ V (Hi) ∩ V (Hj). As the connecting paths of a cluster cycle are vertex-disjoint,
either v /∈ V (Pi)∪V (Pi+1)∪· · ·∪V (Pj−1) or v /∈ V (Pj)∪V (Pj+1)∪· · ·∪V (Pi−1). By relabelling (and
reversing the direction of the cluster cycle) if necessary, we can assume that v /∈ V (Pi) ∪ V (Pi+1) ∪
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· · · ∪ V (Pj−1). Let Pv be the path of length 0 with vertex set {v}. Then, Hi, Hi+1, . . . ,Hj is a
(ε, k)-cluster cycle with connecting paths Pi, . . . , Pj−1, Pv. As Hi, Hj are non-adjacent clusters (and
thus j ̸= i − 1), this cluster cycle has length less than s, a contradiction. Thus, for all distinct
non-adjacent clusters Hi, Hj , we have V (Hi) ∩ V (Hj) = ∅, so that a) holds.

Now, as s > 2, there is no cluster cycle of length two and thus |V (Hi) ∩ V (Hj)| ≤ 1 for every
i, j ∈ [s] with i ̸= j. Thus, for each i ∈ [s], if Pi is a single vertex, then yi = xi+1 and so
|V (Hi) ∩ V (Hi+1)| = 1. Hence, b) holds.

Suppose that there is some i ∈ [s] for which there is some j ∈ [s] with i /∈ {j, j + 1} and
V (Pj)∩V (Hi) ̸= ∅. Then, Pj contains a path, P

′
j say, of length at most 4 from V (Hj) to V (Hi). Then,

Hi, Hi+1, . . . ,Hj is a (ε, k)-cluster cycle with connecting paths Pi, Pi+1, . . . , Pj−1, P
′
j , contradicting

the choice of s. Thus, c) holds.
Suppose that for some i ∈ [s], we have a vertex v ∈ V (Hi) ∩ V (Hi+1) and |Pi| ≥ 2. Note that

we can’t have v ∈ Pj for any j ̸= i. Indeed if this happened then we’d have Pj ∩ Hi ̸= ∅ and
Pj ∩Hi+1 ̸= ∅, contradicting c). Thus, we can replace Pi with the single-vertex path v, contradicting
the minimality of

∑
i∈[s] |Pi|. Therefore, d) holds.

Note that e) just needs to be proved for j ∈ {i, i + 1}, since it is otherwise implied by c).
For j ∈ {i, i + 1}, if |Pi ∩ Hj | ≥ 2, then we can shorten Pi to get another path from Hi to Hi+1,
contradicting the minimality of

∑
i∈[s] |Pi|. ⊡

We now find paths between the (ε, k)-almost-complete pairs (A(Hi), B(Hi)), i ∈ [s], in a cycle,
as in the following claim.

Claim 4.6. There are distinct vertices ui, vi ∈ Ai, i ∈ [s], and vertex-disjoint paths Qi, i ∈ [s], such
that the following hold.

A1 For each i ∈ [s], Qi is a vi, ui+1-path with length at most 10εk.

A2 For each i ∈ [s], |V (∪j∈[s]Qj) ∩ (Ai ∪Bi)| ≤ 8.

Proof of Claim 4.6. We will do this in two cases, a) s = 2 and b) s ≥ 3.

Case a): s = 2. By the minimality of |P1| + |P2|, we may assume that each Pi has no internal
vertex in V (H1)∪V (H2). Apply Lemma 4.2(b) in H1 to x1, y1 to get vertex-disjoint paths from these
vertices to A1∪B1. Concatenate these paths with P2, P1 to get two vertex-disjoint paths from A1∪B1

to H2. Cutting each path at its first vertex in H2, we obtain two vertex-disjoint A1 ∪ B1, H2-paths
of length at most 3εk + 4, whose internal vertices lie outside H2. In particular, their endpoints in
H2 are distinct. Applying Lemma 4.2(b) in H2 to these endpoints and concatenating, we obtain two
vertex-disjoint A1 ∪ B1, A2 ∪ B2-paths, each of length at most 6εk + 4. Replace each by a minimal
A1 ∪B1, A2 ∪B2-subpath. Thus, each of the two paths contains at most one vertex of each Ai ∪Bi.

If an endpoint in Ai ∪ Bi lies in Bi, extend the path at that endpoint by one edge to get paths
ending in Ai. These extensions can be chosen to preserve vertex-disjointness, since every vertex of
Bi has at least (1− 2ε)k neighbours in Ai. Relabelling the resulting paths as Q1, Q2, we obtain the
required paths. Indeed, each has length at most 6εk + 6 ≤ 10εk, and only the first/last two vertices
in each path can be in A1 ∪B1/A2 ∪B2.

Case b): s ≥ 3. For each i ∈ [s], by Lemma 4.2b) (and appending a vertex in Ai if necessary),
there are vertex-disjoint paths R−

i and R+
i in Hi with length at most 3εk+1 each, which connect xi

and yi respectively to Ai and have |(V (R−
i )∪V (R+

i ))∩Bi| ≤ 2. For each i ∈ [s], letQi = R+
i ∪Pi∪R−

i+1

and let ui and vi be the endvertex of R−
i and R+

i in Ai, respectively. Then, we have that the vertices
ui, vi ∈ Ai, i ∈ [s], and paths Qi, i ∈ [s], satisfy A1.

That the paths Qi, i ∈ [s], are vertex disjoint and |V (∪j∈[s]Qj) ∩ (Ai ∪ Bi)| ≤ 8 for each i ∈ [s],
follows from Claim 4.5. Finally, the length of Qi is at most (3εk + 1) + 4 + (3εk + 1) ≤ 10εk, as
required. ⊡

Using Claim 4.6, let ui, vi ∈ Ai, i ∈ [s], and Qi, i ∈ [s], be such that the properties in that claim
hold. We now show that we can connect these paths in G to find many different cycle lengths.
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Claim 4.7. For each ℓ ∈ N with sk/2 ≤ ℓ ≤ 3ks/4, C(G) contains a cycle of length 2ℓ− 1 or 2ℓ.

Proof of Claim 4.7. Let r be the total length of Q1, . . . , Qs so that, by Claim 4.6, we have r ≤
10εsk. Let sk/2 ≤ ℓ ≤ 3ks/4. Then, we can pick integers 4 ≤ ℓ1, . . . , ℓs ≤ ⌈3k/4⌉ such that
⌈r/2⌉ + ℓ1 + · · · + ℓs = ℓ. By Lemma 4.2a) (using that the union of any pair of clusters in the
cycle is not a cluster), A2, and Lemma 2.7, for each i ∈ [s], there is a ui, vi-path Ri in G[Ai, Bi] −
((V (∪j∈[s]Qj) ∪ Ai−1 ∪ Bi−1 ∪ Ai+1 ∪ Bi+1) \ {ui, vi}) with length 2ℓi. Then, the concatenation of
R1, Q1, R2, Q2, . . . , Rs, Qs is a cycle of length r + 2ℓ1 + · · ·+ 2ℓs ∈ {2ℓ− 1, 2ℓ}. ⊡

By Corollary 2.8, G[A1, B1] has a cycle of length 2ℓ for each 2 ≤ ℓ ≤ (1 − ε)k. Hence, using
Claim 4.7, we have

∑
ℓ∈C(G)

1

ℓ
≥

(1−ε)k∑
ℓ=2

1

2ℓ
+

3ks/4∑
ℓ=sk/2

1

2ℓ
≥

(1−ε)k∑
ℓ=2

1

2ℓ
+

(
ks

4
− 1

)
·
(
2 · 3ks

4

)−1

=

(1−ε)k∑
ℓ=2

1

2ℓ
+

1

6
− 2

3sk
>

(1−ε)k∑
ℓ=2

1

2ℓ
+ (εk + 1) · 1

(1− ε)2k
>

k∑
ℓ=2

1

2ℓ
,

a contradiction to the properties of G. □

5 Clusters cover most of a counterexample

We will now prove the following lemma, Lemma 5.1, which shows that, in a minimal counterexample
to Theorem 1.2, a suitably maximal edge-disjoint collection of clusters covers all but few vertices in
the graph (i.e., that (7) holds).

Lemma 5.1. Let 1/k0 ≪ ε ≪ 1. Let n be the least integer for which there is an integer k0 ≤ k ≤ n/2
and an n-vertex graph G with more than (k − 1)(n − k + 1) edges for which either a)

∑
ℓ∈C(G)

1
ℓ <∑k

ℓ=2
1
2ℓ or b)

∑
ℓ∈C(G)

1
ℓ =

∑k
ℓ=2

1
2ℓ , e(G) ≥ k(n− k) and G is not a copy of Kk,n−k. Let G be such

a graph.
Let H be a collection of edge-disjoint (ε, k)-clusters in G which maximises

∑
H∈H e(H) and,

subject to this, minimises |H|. Then,∣∣∣∣V (G) \ V
( ⋃

H∈H
H

)∣∣∣∣ ≤ 2000|H|
ε

. (7)

We split this proof into three lemmas. The first two of these show that any n-vertex graph
without a certain almost-complete pair but with a good average and minimum degree condition has
strictly larger harmonic sum of cycle lengths than Kk,n−k, dealing respectively with the case n ≤ k1.01

(Lemma 5.2) and n > k1.01 (Lemma 5.3). The last of these three lemmas (Lemma 5.4) then shows
that in our minimal counterexample a maximal edge-disjoint collection of clusters, which does not
cover some vertices, does not cover some dense subgraph.

Lemma 5.2. Let 1/k ≪ ε, ε1 ≪ 1 and n ≤ k1.01. Let Γ be an n-vertex (ε1, k/2)-expander with no
(ε, k)-almost-complete pair in Γ and such that d(Γ) ≥ (1 − 0.1ε)2k and δ(Γ) ≥ (1 − 0.1ε)k. Then,∑

ℓ∈C(Γ)
1
ℓ >

∑k
ℓ=2

1
2ℓ .

Lemma 5.3. Let 1/k ≪ ε, ε1 ≪ 1 and n > k1.01. Let Γ be an n-vertex (ε1, k/2)-expander with no
(ε, k)-almost-complete pair in Γ and such that d(Γ) ≥ (1 − 0.1ε)2k and δ(Γ) ≥ (1 − 0.1ε)k. Then,∑

ℓ∈C(Γ)
1
ℓ >

∑k
ℓ=2

1
2ℓ .

Lemma 5.4. Let 1/k0 ≪ ε ≪ 1. Let n be the least integer for which there is an integer k0 ≤ k ≤ n/2
and an n-vertex graph G with more than (k − 1)(n − k + 1) edges for which either a)

∑
ℓ∈C(G)

1
ℓ <
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∑k
ℓ=2

1
2ℓ or b)

∑
ℓ∈C(G)

1
ℓ =

∑k
ℓ=2

1
2ℓ , e(G) ≥ k(n− k) and G is not a copy of Kk,n−k. Let G be such

a graph.
Let H be a collection of edge-disjoint (ε, k)-clusters in G which maximises

∑
H∈H e(H). Suppose∣∣∣∣V (G) \ V

( ⋃
H∈H

H

)∣∣∣∣ > 2000|H|
ε

. (8)

Then, there is a subgraph Γ ⊂ G−
⋃

H∈HE(H) with d(Γ) ≥ (1− 0.01ε)2k.

Lemma 5.1 follows shortly from these lemmas, as follows.

Proof of Lemma 5.1 from Lemmas 5.2, 5.3 and 5.4. Let ε1 be such that 1/k ≪ ε1 ≪ ε. Suppose
that (7) does not hold. Then, as (8) holds, by Lemma 5.4 there is a subgraph Γ ⊂ G− ∪H∈HE(H)
with d(Γ) ≥ (1 − 0.01ε)2k. By Theorem 5.6 with C = 61, ε2 = 1/3, there is a subgraph Γ′ ⊂ Γ
with d(Γ′) ≥ (1 − Cε1)(1 − 0.01ε)2k ≥ (1 − 0.02ε)2k and δ(Γ′) ≥ d(Γ′)/2 ≥ (1 − 0.02ε)k which is
an (ε1, ε2d(Γ))-expander. As ε2d(Γ) ≥ k/2 and δ(Γ′) ≥ (1− 0.02ε)k, we have that Γ′ is an (ε1, k/2)-
expander (expansion for sets of order x ≤ ε2d/2 follows from minimum degree, while for larger sets
it follows from (ε1, ε2d(Γ))-expansion). Furthermore, by the maximality of

∑
H∈H e(H), as Γ′ ⊂ Γ

is edge-disjoint from each H ∈ H, Γ′ contains no (ε, k)-cluster and, hence, no (ε, k)-almost-complete
pair. If |Γ′| ≤ k1.01, then by Lemma 5.2 we get a contradiction. If |Γ′| > k1.01, then by Lemma 5.3
we get a contradiction.

In the remainder of this section, we will prove Lemmas 5.2, 5.3 and 5.4, in their respective
subsections.

5.1 Sublinear expansion

Following Komlós and Szemerédi [14, 15], we use the following definition of a (sublinear) expander.
For more on sublinear expansion, see the recent survey of Letzter [16], as well as the less detailed
overview by Montgomery [19].

Definition 5.5. For each ε1 > 0 and k > 0, a graph G is an (ε1, k)-expander if

|N(X)| ≥ ρ(|X|, ε1, k) · |X|

for all X ⊆ V (G) with k/2 ≤ |X| ≤ |G|/2, where

ρ(x, ε1, k) :=

{
0 if x < k/5,
ε1/ log

2(15x/k) if x ≥ k/5.
(9)

As Komlós and Szemerédi [15] showed, every graph G contains an expander with comparable
average degree to G. We will use the following version of this, by Haslegrave, Kim and Liu (see [12,
Lemma 3.2]).

Theorem 5.6. Let C > 60, 0 < ε1 ≤ 1/20C, 0 < ε2 < 1/2, and let ρ be as in (9). Then, every
graph G has an (ε1, ε2d(G))-expander subgraph H with d(H) ≥ (1− Cε1)d(G) and δ(H) ≥ d(H)/2.

We will use the following path connection result, due to Komlós and Szemerédi [15].

Lemma 5.7. Let ε1, k > 0. If G is an n-vertex (ε1, k)-expander, then any two vertex sets, each of
size at least x ≥ k, are at distance at most 2

ε1
log3(15n/k) from each other. This remains true even

after deleting x · ρ(x, ε1, k)/4 arbitrary vertices from G, where ρ is as defined in (9).
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5.2 Proof of Lemma 5.2

We now prove Lemma 5.2, which shows that if Γ is a small sublinear expander with no almost
complete pair and average degree at least (1 − o(1))2k, then the harmonic sum of its cycle lengths
exceeds that of Kk,k. We do so by contradiction, and show first that Γ is bipartite (see Claim 5.8)
and then that, when S is a longest cycle in Γ, then Γ−V (S) contains no subgraph with large average
degree (see Claim 5.9).

Proof of Lemma 5.2. We have 1/k ≪ ε, ε1 ≪ 1 and n ≤ k1.01, while Γ is an n-vertex (ε1, k/2)-
expander with no pair which is (ε, k)-almost-complete in Γ and such that d(Γ) ≥ (1 − 0.1ε)2k and
δ(Γ) ≥ (1− 0.1ε)k. Assume, for contradiction, that

∑
ℓ∈C(Γ)

1
ℓ ≤

∑k
ℓ=2

1
2ℓ .

Using Theorem 2.4, let C be such that the property in that theorem holds. Let c = k−0.01/2, so
that δ(Γ) ≥ (1− 0.1ε)k ≥ cn. Then, setting K = C · c−5, and using that, as 1/k ≪ 1, K ≤ k0.1 and
n ≥ k ≥ 45K/c4, by the property of C applied with Γ, C(Γ) contains all even cycle lengths between
4 and ec(Γ) − k0.1 and all odd cycle lengths between k0.1 and oc(Γ) − k0.1. Furthermore, by the
Erdős-Gallai theorem (Theorem 2.6), we have that max{ec(Γ), oc(Γ)} ≥ d(Γ) ≥ (1 − 0.1ε)2k. As is
well-known, Γ contains a bipartite subgraph with average degree at least d(Γ)/2, and thus, again by
Theorem 2.6, ec(Γ) ≥ d(Γ)/2 ≥ (1− 0.1ε)k. Therefore, if oc(Γ) ≥ (1− 0.1ε)2k, we have

∑
ℓ∈C(Γ)

1

ℓ
=

∑
ℓ∈C(Γ):ℓ=0mod 2

1

ℓ
+

∑
ℓ∈C(Γ):ℓ=1mod 2

1

ℓ
≥

k/3∑
ℓ=2

1

2ℓ
+

(1−0.1ε)k−K∑
ℓ=K

1

2ℓ− 1
>

k∑
ℓ=2

1

2ℓ
.

Thus, we can assume that oc(Γ) < (1 − 0.1ε)2k and, hence, ec(Γ) ≥ (1 − 0.1ε)2k. Note that, as∑
ℓ∈C(Γ)

1
ℓ ≤

∑k
ℓ=2

1
2ℓ , we have ec(Γ) ≤ 2k +K ≤ 2k + k0.1.

We now show the following claim.

Claim 5.8. Γ is bipartite.

Proof . Suppose, for contradiction, that Γ contains an odd cycle. Taking a shortest odd cycle S in Γ,
we then have that |S| ≤ 2k0.1+1 (if oc(Γ) ≤ 2k0.1+1 this is immediate, otherwise C(Γ) contains every
odd number between k0.1 and oc(Γ) − k0.1 ≥ k0.1 + 1 giving at least one number ≤ 2k0.1 + 1). Let
v ∈ V (S). Greedily, using δ(Γ) ≥ (1−0.1ε)k, let P be a path from v in Γ−(V (S)\{v}) with length

√
k.

Letting u be the other endpoint of P and applying Lemma 5.7 (removing the vertices in V (P ) \ {u},
and applying the lemma with sets {u} ∪ (NΓ(u) \ V (P )) and (V (S) ∪NΓ(V (S) \ {v})) \ V (P )), find
a path Q from u to V (S) \ {v} in Γ− (V (P ) \ {u}). Note that S ∪P ∪Q has an odd cycle containing
P , and thus oc(Γ) ≥

√
k. Then,

∑
ℓ∈C(Γ)

1

ℓ
=

∑
ℓ∈C(Γ):ℓ=0mod 2

1

ℓ
+

∑
ℓ∈C(Γ):ℓ=1mod 2

1

ℓ
≥

(1−0.1ε)k−K∑
i=2

1

2i
+

√
k/2−K∑
i=K

1

2i+ 1
>

k∑
ℓ=2

1

2ℓ
,

a contradiction. ⊡

Let S be a longest cycle in Γ, and note that |S| ≤ 2k + k0.1.

Claim 5.9. Every subgraph Γ′ ⊂ Γ− V (S) satisfies d(Γ′) ≤ 0.01εk.

Proof . By the Erdős-Gallai theorem (Theorem 2.6), it suffices to show that Γ−V (S) does not contain
a cycle S′ of length at least 0.01εk, since one can find such a cycle in any Γ′ with d(Γ′) ≥ 0.01εk.

Suppose, for contradiction, that Γ− V (S) contains a cycle S′ with length at least 0.01εk. Let

r = k0.1 and ℓ0 =
2

ε1
log3(30n/k) ≤ k0.1,

where we have used that n ≤ k1.01 and 1/k ≪ ε1. We claim there exists a collection of r vertex-
disjoint paths between V (S) and V (S′) of length at most ℓ0 + 2.
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One can construct it greedily: if P is the collection of paths found so far, delete V (P) from
the graph and apply Lemma 5.7 to connect the cycles S and S′ in the remaining graph. Since
Lemma 5.7 applies to sets of size at least k/2, we enlarge the sets V (S) \ V (P) and V (S′) \ V (P)
by adding their neighbours in Γ − V (P) to them (which are sufficiently large due to the minimum
degree condition δ(Γ) ≥ (1−0.1ε)k). Lemma 5.7 then guarantees a path of length at most ℓ0 between
these two enlarged sets, which can be turned into a path of length at most ℓ0 +2 between V (S) and
V (S′) avoiding V (P). Lemma 5.7 applies since the number of vertices removed from Γ is at most
r(ℓ0 + 3) ≪ ε1k.

We claim that there exists a cycle longer than S in Γ. To construct it, consider two of these paths
with vertices closest together on S, which are within distance at most 2k+k0.1

r ≤ 0.005εk of each other
on S. If, instead of taking the shorter path on S between these two endpoints, one walks along these
two paths and the longer arc of S′, one obtains a cycle longer than S, which is a contradiction (see
Figure 2 a) for an illustration). ⊡

Let A′ ∪ B′ be a bipartition of S and let A′′ ∪ B′′ be the bipartition of V (Γ) \ (A′ ∪ B′), such
that A′ ∪ A′′, B′ ∪ B′′ is a bipartition of Γ. Then, (1 − 0.1ε)k ≤ |A′| = |B′| < k + k0.1, due to the
constraints we have on the length of S.

Claim 5.10. There are at least 7k vertices in B′′ with at least (1− 0.2ε)k neighbours in A′.

Proof . Note that, if there are u ∈ B′′ and v ∈ A′′ with dΓ(u,A
′), dΓ(v,B

′) ≥ 4k/5, then we can
find consecutive vertices v1, v2, v3, v4 on S with v1, v3 ∈ NΓ(u) and v2, v4 ∈ NΓ(v), whereupon
S− v1v2− v3v4+uv1+uv3+ vv2+ vv4 gives a longer cycle than S in Γ, a contradiction (see Figure 2
b) for an illustration). Thus, we can assume, without loss of generality, that no vertex in A′′ has
more than 4k/5 neighbours in B′.

Thus, each vertex in A′′ must have at least (1 − 0.1ε)k − 4k/5 ≥ k/10 neighbours in B′′. As
d(Γ− V (S)) < 0.01εk, we therefore have

2|A′′| · k

10
≤ 2e(Γ− V (S)) < 0.01εk(|A′′|+ |B′′|),

so that |A′′| ≤ 0.1ε|B′′|.
Now, if |B′ ∪ B′′| ≤ 10k, we have that |A′ ∪ A′′| ≤ k + k0.1 + εk ≤ (1 + 2ε)k and, thus, as

|A′ ∪A′′| ≥ |A′| ≥ (1− 0.1ε)k ≥ |B′ ∪B′′|/20 and ε ≪ 1,

d(Γ) ≤ 2|A′ ∪A′′| · |B′ ∪B′′|
|A′ ∪A′′|+ |B′ ∪B′′|

≤ 2(1 + 2ε)k · |B′ ∪B′′|
21|B′ ∪B′′|/20

< (1− 0.1ε)2k,

a contradiction. Thus, |B′ ∪B′′| ≥ 10k, and |B′′| ≥ 8k.
As d(Γ′) < 0.01εk for every Γ′ ⊂ Γ − V (S), at most |A′′| vertices in B′′ have at least 0.01εk

neighbours in A′′ in Γ. Thus, as |A′′| ≤ 0.1ε|B′′| and δ(Γ) ≥ (1 − 0.1ε)k, all but at most 0.1ε|B′′|
vertices of B′′ have at least (1 − 0.2ε)k neighbours in A′. Since |B′′| ≥ 8k, this means at least 7k
vertices of B′′ have degree at least (1− 0.2ε)k to A′. ⊡

Let B be the set of 7k vertices with at least (1−0.2ε)k neighbours in A′ produced by the previous
claim, and let A be the set of vertices in A′ with at least k neighbours in B. By counting the nonedges
between A′\A and B, we find that every vertex in A′\A has at least 6k nonedges, and so

|A′ \A| · 6k ≤ |A′||B| − e(Γ[A′, B]) ≤ 7k · (0.2εk + k0.1).

The last inequality follows as any vertex of B has at most |A′| − (1 − 0.2ε)k ≤ 0.2εk + k0.1

nonneighbours in A′. We conclude that |A′ \ A| ≤ 0.5εk. Thus, each vertex in B has at least
(1− 0.2ε)k − 0.5εk ≥ (1− ε)k + k0.1 neighbours in A. Removing up to k0.1 vertices from A to guar-
antee that |A| < k, we then get that (A,B) is an (ε, k)-almost-complete pair, a contradiction. □
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S

S′
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A′ B′

A′′ B′′

v1
v2

v3
v4

S

v u

added deleted

b)

Figure 2: a) Proof of Claim 5.9, the paths between S and S′ are represented by wiggly lines, and
the final cycle used to obtain the contradiction is highlighted in blue. b) Proof of Claim 5.10, the
red edges of S are deleted and the green dashed edges are added to obtain a longer cycle.

5.3 Proof of Lemma 5.3

To prove Lemma 5.3, we will need a result from [18] (Theorem 5.12 below) in a modified form,
Theorem 5.13. We will make this modification carefully in Appendix A, but here we will briefly
discuss the changes needed to the proof. To state the result that we alter, we need the following
definition.

Definition 5.11. For any connected bipartite graph H and u, v ∈ V (H), let

π(u, v,H) =


0 if u = v,
1 if u and v are in different vertex classes in the (unique) bipartition of H,
2 if u and v are in the same vertex class and u ̸= v.

Theorem 5.12 (Theorem 2.7 in [18]). There exists ε1 > 0 such that, for each 0 < ε2 < 1/5, there
exists d0 = d0(ε1, ε2) such that the following holds for each n ≥ d ≥ d0. Suppose that H is a bipartite
n-vertex (ε1, ε2d)-expander with δ(H) ≥ d. Then, one of the following holds.

B1 H contains a subdivision of the complete ⌊d/2⌋-vertex graph in which each edge has been sub-
divided once (so that it becomes a path of length 2).

B2 For each distinct x, y ∈ V (H), and each ℓ ∈ [log7 n, n/ log12 n] with π(x, y,H) ≡ ℓ (mod 2), H
contains an x, y-path with length ℓ.

In our Lemma 5.3, we have an n-vertex (ε1, k/2)-expander with no (ε, k)-almost-complete pair in Γ
and such that d(Γ) ≥ (1−0.1ε)2k and δ(Γ) ≥ (1−0.1ε)k. We wish to show that

∑
ℓ∈C(Γ)

1
ℓ >

∑k
ℓ=2

1
2ℓ .

As we will have n > k1.01, if B2 holds, then applying this with any edge xy ∈ E(H) will give enough
different cycle lengths to ensure that

∑
ℓ∈C(Γ)

1
ℓ >

∑k
ℓ=2

1
2ℓ . However, the subdivision in B1 does not

guarantee enough cycle lengths for this unless ⌊d/2⌋ ≥ k+1. However, our graph Γ is not necessarily
bipartite and we have only δ(Γ) ≥ (1− 0.1ε)k.

Working with bipartite graphs in [18] is essentially only a convenience, and we will be able to
remove this condition without much modification. As the function π(x, y,H) used in B2 requires
H to be bipartite, this requires a little change (see C2), but, applied to any edge xy ∈ E(Γ), will
still produce enough different cycles. Still, even when the bounds in the proof in [18] are tightened,
when applied to Γ, this would only allow us to find a subdivision of the complete graph with up to
(1−0.1ε)k vertices in which each edge has been subdivided once. Such a subgraph only contains even
cycles of length up to (1 − 0.1ε)2k, which is not enough to show

∑
ℓ∈C(Γ)

1
ℓ >

∑k
ℓ=2

1
2ℓ . Therefore,

we will record the intermediate structure used in [18] to find the subdivision for B1 (see C1), before
using this further in our proof in conjunction with our assumption that Γ contains no (ε, k)-almost-
complete pair.

Our modified Theorem 5.12 is the following, as proved in Appendix A.
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Theorem 5.13. For every sufficiently small ε1 > 0 and each 0 < ε2 < 1/5, there exists d0 =
d0(ε1, ε2) such that the following holds for each n ≥ d ≥ d0. If Γ is an n-vertex (ε1, ε2d)-expander
with d(Γ) ≥ 2d and δ(Γ) ≥ d, then one of the following holds.

C1 There are disjoint sets U, V ⊂ V (Γ) with |U | ≤ log20 n, |V | ≥ log80 n, and dΓ(v, U) ≥ (1−2ε2)d
for each v ∈ V .

C2 For each distinct x, y ∈ V (Γ), and each ℓ ∈ [log7 n, n/(4 log12 n)], Γ contains an x, y-path which
has length 2ℓ or 2ℓ+ 1.

Using Theorem 5.13, we can now prove Lemma 5.3.

Proof of Lemma 5.3. We have 1/k ≪ ε, ε1 ≪ 1 and n > k1.01, while Γ is an n-vertex (ε1, k/2)-
expander with no pair which is (ε, k)-almost-complete in Γ and such that d(Γ) ≥ (1 − 0.1ε)2k and
δ(Γ) ≥ (1− 0.1ε)k. Assume, for contradiction, that

∑
ℓ∈C(Γ)

1
ℓ ≤

∑k
ℓ=2

1
2ℓ .

Let d = (1− 0.1ε)k and ε2 = ε/60, so that ε2d ≤ k/2. As δ(Γ) ≥ (1− 0.1ε)k, we have that Γ is
an (ε1, ε2d)-expander. By Theorem 5.13 applied to Γ, we have that either C1 or C2 holds.

If C2 holds, then, let xy be any adjacent pair in Γ. Setting ℓ0 = log7 n+1 and ℓ1 = n/(4 log12 n)+
1, we have that Γ contains a cycle of length 2ℓ − 1 or 2ℓ for each ℓ0 ≤ ℓ ≤ ℓ1. As n > k1.01 and
1/k ≪ 1 implies ℓ1/ℓ0 ≥ k1.005, we thus have

∑
ℓ∈C(Γ)

1

ℓ
≥

ℓ1∑
ℓ=ℓ0

1

2ℓ
≥ 1

2
log

(
ℓ1
ℓ0

)
≥ 1

2
log k1.005 >

k∑
ℓ=2

1

2ℓ
,

a contradiction.
Thus, we must have that C1 holds. Take U, V as in C1. Note we have dΓ(u, U) ≥ (1− 0.1ε)d ≥

(1− 0.2ε)k for all u ∈ V . Pick a collection of disjoint sets Vxy in V , one for each pair {x, y} ∈ U (2),
such that |Vxy| ≤ 1 and Vxy ⊂ NΓ(x) ∩NΓ(y), which maximise

∑
{x,y}∈U(2) |Vxy|. In other words, for

each pair {x, y} ∈ U (2) we try to pick a different common neighbour, so that we get as many common
neighbours as we can. As |

⋃
{x,y}∈U(2) Vxy| ≤

(|U |
2

)
< |V |/2, setting V ′ = V \ (

⋃
{x,y}∈U(2) Vxy) we

have |V ′| ≥ |V |/2.

Claim 5.14. For every pair of distinct vertices v, v′ ∈ V ′ with |NΓ(v, U) ∩NΓ(v
′, U)| ≥ 2, we have

|NΓ(v, U) ∪NΓ(v
′, U)| ≤ k.

Proof of Claim 5.14. Suppose otherwise, and let v, v′ ∈ V ′ be distinct and such that |NΓ(v, U) ∩
NΓ(v

′, U)| ≥ 2 and |NΓ(v, U) ∪NΓ(v
′, U)| ≥ k + 1.

We will show that Γ contains a cycle of length 2ℓ, for every 2 ≤ ℓ ≤ k + 1. As |NΓ(v, U) ∩
NΓ(v

′, U)| ≥ 2, it is clear that a cycle of length 4 exists in Γ. If ℓ ≥ 3, take distinct vertices b1, . . . , bℓ
such that, setting bℓ+1 = b1, for each i ∈ [ℓ], we have bi, bi+1 ∈ NΓ(v) or bi, bi+1 ∈ NΓ(v

′). This is
possible since |NΓ(v, U) ∩NΓ(v

′, U)| ≥ 2 and |NΓ(v, U) ∪NΓ(v
′, U)| ≥ k + 1.

By the maximality of
∑

{x,y}∈U(2) |Vxy|, for each i ∈ [ℓ] we have that Vbibi+1
̸= ∅ (for otherwise

we could add v or v′ to Vbibi+1
). Thus, we can choose distinct vertices ai ∈ Vbibi+1

, i ∈ [ℓ]. Using that
ai ∈ NΓ(bi) ∩NΓ(bi+1) for each i ∈ [ℓ], we have that b1a1 . . . bℓaℓb1 is a cycle of length 2ℓ in Γ. See
Figure 3 for an illustration.

Therefore,
∑

ℓ∈C(Γ)
1
ℓ ≥

∑k+1
ℓ=2

1
2ℓ >

∑k
ℓ=2

1
2ℓ , a contradiction. ⊡

By the property of U, V from C1, we certainly have that, for each v ∈ V ′ there are distinct
vertices u, u′ ∈ NΓ(v, U). Therefore, we can take distinct vertices u, u′ ∈ U for which there is a
set B ⊂ V ′ with |B| ≥ 2|V ′|/|U |2 and u, u′ ∈ NΓ(v) for each v ∈ B. Note that the property
from C1 implies that (1 − 2ε2) · (1 − 0.1ε)k ≤ |U | ≤ log20 n, and, hence, k/2 ≤ log20 n. Thus
|B| ≥ 2|V ′|/|U |2 ≥ log40 n ≥ (k/2)2 ≥ 7k.
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V ′

U

v′ v

b1 b2 b3 b6 b5 b4

Figure 3: Proof of Claim 5.14. Each pair connected with a dashed line has a different common
neighbour, which allows for constructing a cycle through all of them.

For any b ∈ B, we have dΓ(b, U) ≥ (1− 2ε2) · (1− 0.1ε)k ≥ (1− 0.2ε)k. So, if we fix some b ∈ B
and set A′ = NΓ(b, U), by Claim 5.14, we have (1− 0.2ε)k ≤ |A′| ≤ k. For any other vertex b′ ∈ B,
we have

|NΓ(b, U)∩NΓ(b
′, U)| ≥ |NΓ(b

′, U)|+|NΓ(b, U)|−|NΓ(b
′, U)∪NΓ(b, U)| ≥ 2(1−0.2ε)k−k ≥ (1−0.4ε)k,

and so dΓ(b
′, A′) ≥ (1 − 0.4ε)k. Let A be the set of vertices in A′ with at least k neighbours in B.

Then, by counting the nonedges between A′ and B, similarly as in the proof of Lemma 5.2

|A′ \A| · (|B| − k) ≤ |A′||B| − e(Γ[A′, B]) ≤ |B| · 0.4εk,

so that |A′ \A| ≤
(
1 + k

|B|−k

)
· 0.4εk ≤ 0.5εk, where we have used that |B| ≥ 7k. Thus, each vertex

in B has at least (1 − ε)k + 1 neighbours in A. Removing at most one vertex from A to guarantee
that |A| < k, we then get that (A,B) is an (ε, k)-almost-complete pair, a contradiction. □

5.4 Proof of Lemma 5.4

We now prove Lemma 5.4, which shows that if our maximal collection of edge-disjoint clusters leaves
many vertices in G uncovered, then there is a dense subgraph of G which is edge-disjoint from all
the clusters.

Proof of Lemma 5.4. If H = ∅, then we may take Γ = G as Lemma 3.2 implies n ≥ k1.02, so that, as
1/k ≪ ε,

d(Γ) ≥ 2

n
· (k − 1)(n− k + 1) =

(
1− 1

k

)
·
(
1− k − 1

n

)
· 2k ≥ (1− 0.005ε)2 2k ≥ (1− 0.01ε)2k.

Thus, we may assume H ̸= ∅. Without loss of generality, we can assume that no union of
two (ε, k)-clusters in H is itself a (ε, k)-cluster (for otherwise uniting them will give a family of
clusters with the same

∑
H∈H e(H) and smaller |H|). Let P be a maximal collection of vertex-

disjoint paths in G which each have length at most 2 and such that, for each P ∈ P with endvertices
xP and yP , there are distinct clusters HP,1, HP,2 ∈ H with xP ∈ V (HP,1), yP ∈ V (HP,2), and
V (P ) \ {xP , yP } ⊂ V (G) \

⋃
H∈H V (H).

Claim 5.15. |P| < |H|.

Proof of Claim 5.15. Let L be the auxiliary multigraph with vertex set H and an edge HP,1HP,2 for

each P ∈ P. By Lemma 4.2 c), as
∑

ℓ∈C(G)
1
ℓ ≤

∑k
ℓ=2

1
2ℓ , L has no cycles, for otherwise G would have

a corresponding cluster cycle. Thus, |P| = e(L) < |L| = |H|, as required. ⊡

Let X =
⋃

H∈H(V (H) \ V (P)), Y = V (G)\X, and Γ = G[Y ] −
⋃

H∈HE(H). Each vertex
y ∈ Y \V (P) ⊆ V (G) \

⋃
H∈H V (H) has at most 1 neighbour in each cluster H ∈ H (otherwise,

G[V (H)∪{y}] is a cluster which contradicts the maximality ofH) and, furthermore, it has a neighbour
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in V (H)\V (P) for at most one clusterH ∈ H (by the maximality of P). Thus, each vertex of Y \V (P)
has at most one neighbour in X in G. Hence,

e(G[X,Y \V (P)]) ≤ |Y \V (P)|. (10)

By (8) and Claim 5.15, we have that |Y | > 2000|H|/ε and thus |X ∪ V (P)| ≤ n− |Y |+ |V (P)| ≤
n+ 3|H| − |Y | < n. If there is some H ∈ H, then |X ∪ V (P)| ≥ |H| ≥ (3− ε)k ≥ 2k. Furthermore,∑

ℓ∈C(G[X∪V (P)])
1
ℓ ≤

∑
ℓ∈C(G)

1
ℓ . Thus, if a) holds in the statement of the lemma (i.e., if

∑
ℓ∈C(G)

1
ℓ <∑k

ℓ=2
1
2ℓ), then, by the minimality of n, e(G[X ∪ V (P)]) ≤ (k − 1)(|X ∪ V (P)| − k + 1) and, hence,

e(Γ) ≥ e(G)− e(G[X ∪ V (P)])− e(G[X,Y \V (P)])

≥ (k − 1)(n− k + 1)− (k − 1)(|X ∪ V (P)| − k + 1)− e(G[X,Y \V (P)])

= (k − 1)(n− |X ∪ V (P)|)− e(G[X,Y \V (P)]). (11)

On the other hand, if b) holds in the statement of the lemma, then we have e(G) ≥ k(n − k) and,
by the minimality of n, that e(G[X ∪ V (P)]) ≤ k(|X ∪ V (P)| − k), so that

e(Γ) ≥ e(G)− e(G[X ∪ V (P)])− e(G[X,Y \V (P)])

≥ k(n− k)− k(|X ∪ V (P)| − k)− e(G[X,Y \V (P)])

= k(n− |X ∪ V (P)|)− e(G[X,Y \V (P)]). (12)

Therefore, whether a) or b) holds in the statement of the lemma,

e(Γ)
(11),(12)

≥ (k − 1)(n− |X ∪ V (P)|)− e(G[X,Y \V (P)]) (13)

(10)

≥ (k − 1)(n− |X ∪ V (P)|)− |Y \V (P)|
= (k − 1)|Y \V (P)| − |Y \V (P)| = (k − 2)|Y \V (P)| ≥ (k − 2)(|Y | − 3|H|), (14)

where we have used that |V (P ) ∩ Y | ≤ 3 for each P ∈ P and hence |V (P) ∩ Y | ≤ 3|H|. Recalling
that |Y | ≥ 2000|H|/ε, we have

d(Γ)
(14)
>

2(k − 2)(|Y | − 3|H|)
|Γ|

=

(
1− 2

k

)
·
(
1− 3|H|

|Y |

)
· 2k ≥ (1− 0.005ε)2 2k ≥ (1− 0.01ε)2k,

where we have also used that 1/k ≪ ε. Thus, Γ satisfies our requirements.

6 Proof of Theorem 1.2

In this section, we prove our main theorem, Theorem 1.2. We divide this proof into two parts,
depending on how many edge-disjoint clusters are in our maximal collection. We prove the case
where there is a single cluster as Lemma 6.1 in Section 6.1. We prove the case where there are at
least two clusters in our maximal collection as Lemma 6.4 in Section 6.2. We put this together to
prove Theorem 1.2 in Section 6.3.

6.1 The case of a single cluster

We will now rule out the case where our maximal edge-disjoint collection of clusters in a minimal
counterexample G contains exactly one cluster. If there were exactly one cluster, then the cluster
contains an almost-complete bipartite graph on vertex classes A and B, and within G[A,B] we can
find most of the canonical short even cycles for comparison to C(Kk,n−k). The restriction is the size
of A – it may not be large enough to contain even cycles with length up to 2k. When this happens,
vertices outside of A ∪ B with two neighbours in B could be used to create longer paths. More
generally, if we can find many disjoint cherries resembling this (see Figure 4) then we will be able to
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use them to find longer cycles (see Claim 6.2). Where there are not enough such cherries, then we
will be able to show there are enough edges in G away from A, B, and a maximal disjoint collection of
such cherries, to find a cycle with a suitable length (see Claim 6.3) that we can connect into G[A,B]
to find an interval of even, or odd, cycle lengths at a new scale, to then contradict that we have a
minimal counterexample.

Lemma 6.1. Let 1/k0 ≪ ε ≪ 1. Let n be the least integer for which there is an integer k0 ≤ k ≤ n/2
and an n-vertex graph G with more than (k − 1)(n − k + 1) edges for which either a)

∑
ℓ∈C(G)

1
ℓ <∑k

ℓ=2
1
2ℓ or b)

∑
ℓ∈C(G)

1
ℓ =

∑k
ℓ=2

1
2ℓ , e(G) ≥ k(n− k) and G is not a copy of Kk,n−k. Let G be such

a graph and let H be a collection of edge-disjoint (ε, k)-clusters in G maximising
∑

H∈H e(H). Then,
|H| ̸= 1.

Proof . Suppose for contradiction that H has only one cluster, denoted by H, and let (A,B) be the
(ε, k)-almost-complete pair in H. Let B′ = {v ∈ V (G) \ A : |N(v) ∩ A| ≥ 3εk}, noting B ⊆ B′.
Let x1y1z1, . . . , xtytzt be a maximal collection of disjoint cherries with leaves xi, zi in B′ and with
centers yi outside of A ∪ B′ (see Figure 4). Let Y = {y1, . . . , yt} and A′ = A ∪ {y1, . . . , yt}. Let
Γ = G− (A′ ∪B′).

Claim 6.2. For every q = 0, . . . ,min(1.1εk, t), there is a cycle of length 2(|A|+ q).

Proof . The case q = 0 follows from Corollary 2.8, so sup-
pose q ≥ 1. Since 2q ≤ 2.2εk + 2 < 3εk, we may choose
distinct vertices ai, bi ∈ A, i ∈ [q], such that aixi, zibi ∈
E(G). Using Lemma 2.7 greedily, join bi to ai+1, for
each i ∈ [q − 1], by pairwise internally vertex-disjoint
paths of length four in G[A,B], avoiding all the other
vertices already chosen. This is possible since through-
out fewer than k/10 vertices are forbidden. Together
with the cherries, these paths form an a1, bq-path Rq of
length 8q−4. Let F = (V (Rq)∩(A∪B))\{a1, bq}. Then
|F | ≤ 7q ≤ k/10 and |A \ F | = |A| − 3q + 3. Applying
Lemma 2.7 once more gives a path of length 2(|A|−3q+2)
between a1 and bq disjoint from F . Joining this to Rq

gives a cycle of length 8q−4+2(|A|−3q+2) = 2(|A|+q)
as required. ⊡

B′

A

y1 y2 y3

x1 z1 x2 z2 x3 z3

a1 b1 a2 b2 a3 b3

Figure 4: Constructing the path Rq in the
proof of Claim 6.2.

Now, if |A′| ≥ k+1, then by Claim 6.2 we have all the even cycle lengths in [4, 2k+2], contradicting∑
ℓ∈C(G)

1
ℓ ≤

∑k
ℓ=2

1
2ℓ . If |A′| = k, then by Claim 6.2 we have all the even cycle lengths in [4, 2k],

showing that a) does not hold. Therefore, we can assume that |A′| ≤ k, and that if |A′| = k, then
e(G) ≥ k(n− k). Since |A′| ≤ k, we have |Y | = t ≤ εk.

We will now show that this implies Γ has a cycle with a useful length, as follows.

Claim 6.3. Γ contains a cycle whose length is between 1.5k and 2k.

Proof of Claim 6.3. Note that vertices v ∈ V (Γ) can have at most 3εk neighbours in A (as v /∈ B′),
at most |Y | ≤ εk neighbours in Y , and at most 4εk neighbours in B′ (otherwise two of these together
with v would give a new cherry disjoint from the others). Thus, eG(V (Γ), A′ ∪ B′) ≤ 8εk|Γ| and
δ(Γ) ≥ (1− 8ε)k.

Note that G[A′ ∪ B′] has diameter ≤ 8 — vertices in A have paths of length 4 to each other by
Lemma 2.7, while vertices in B′ and A′ have neighbours in A and B′ respectively showing that all
vertices are within distance 2 of A. Now, note that if G[A′ ∪ B′] is non-bipartite, then the shortest
odd cycle C must have length ≤ 2 ·Diam(G[A′ ∪B′]) + 1 ≤ 17. When this occurs,

∑
ℓ∈C(G)

1

ℓ
≥

(1−ε)k∑
ℓ=2

1

2ℓ
+

1

17
≥

k∑
ℓ=2

1

2ℓ
+

1

17
− (εk + 1) · 1

2(1− ε)k
>

k∑
ℓ=2

1

2ℓ
(15)
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gives a contradiction. Thus, we have that G[A′ ∪ B′] is bipartite. We have that |A′| ≤ k, and so, if
Γ = ∅, then, as e(G) > (k − 1)(n − k + 1), we have |A′| = k, and, as we deduced e(G) ≥ k(n − k)
in this case we have that G must be a copy of Kk,n−k, a contradiction. Thus, we can assume Γ is
non-empty.

We have that the parts of the bipartition of G[A′ ∪ B′] are A′, B′ (vertices in A are in the same
part since they have length 4 paths to each other, while vertices in B′ are in the opposite part since
they have edges to A, and finally vertices in A′ are in the same part as A since they have edges to B′).
Now, if |A′| ≤ k−1 then since |B′| ≥ |B| ≥ (2−ε)k, we have e(G[A′∪B′]) ≤ (k−1)(|A′∪B′|−k+1)
and so

e(Γ) ≥ e(G)− e(G[A′ ∪B′])− eG(V (Γ), A′ ∪B′)

≥ (k − 1)(|Γ|+ |B′|+ |A′| − k + 1)− (k − 1)(|A′|+ |B′| − k + 1)− 8εk|Γ|
= (k − 1− 8εk)|Γ| ≥ (1− 9ε)k|Γ|,

whereas if |A′| = k then we have b) and so

e(Γ) ≥ e(G)− e(G[A′ ∪B′])− eG(V (Γ), A′ ∪B′)

≥ k(|Γ|+ |B′|+ |A′| − k)− k|B′| − 8εk|Γ| ≥ (1− 9ε)k|Γ|.

Thus, in either case d(Γ) ≥ (1− 9ε)2k.
Using Theorem 5.6, Lemma 5.2 and Lemma 5.3, Γ contains an (100ε, k)-almost-complete pair,

and hence a cycle whose length is between 1.5k and 2k. ⊡

Using Claim 6.3, let S be a cycle in Γ with length between 1.5k and 2k. By Lemma 5.1, we
have that |V (G) \ V (H)| ≤ 2000/ε < 1.5k − 2 and hence S has at least two vertices in H. Using
Lemma 4.2 b), we can find vertex-disjoint paths P1, P2 of total length ≤ 6εk from S to A ∪ B. By
considering such paths with minimum total length, we additionally get |Pi ∩ (A ∪B)| = |Pi ∩ S| = 1
for each i. We extend P1, P2 by at most one edge to obtain paths whose one endpoint is in A, and we
concatenate them with the longer arc of S between their endpoints. In this way we obtain a path,
P say, whose length ℓ is between 3k/4 and 3k with internal vertices in V (G) \A, such that P starts
and ends in A and contains at most 2 vertices of B.

Finally, using Lemma 2.7 with F = V (P )∩B, we can close P into a cycle with paths of any even
length between 5k/4 and 2|A\F | − 2. Beyond the cycle lengths contained in the almost-complete
pair (A,B), this gives us at least k/4 new cycle lengths somewhere in the interval [2k, 5k]. Thus, by
a similar calculation as (15), we have

∑
ℓ∈C(G)

1

ℓ
≥

(1−ε)k∑
ℓ=2

1

2ℓ
+

k

4
· 1

5k
=

(1−ε)k∑
ℓ=2

1

2ℓ
+

1

20
>

k∑
ℓ=2

1

2ℓ
,

a contradiction. Thus, |H| ̸= 1. □

6.2 The case of many clusters

In this section, we will show that the minimal counterexample G to Theorem 1.2 cannot have more
than one cluster in the collection H. We begin by giving a high-level overview of the proof. From
Lemma 3.1 iii), we know that it is impossible to separate a single cluster from the rest of the graph
by deleting fewer than k vertices. Hence, by Kőnig’s theorem, for each H ∈ H, there is a matching
MH of size k between H and the remaining vertices.

The main idea of the proof will be to construct an auxiliary digraph D, whose vertices will
be the clusters of H and the remaining vertices of G not included in any of the clusters, that is
V0 = V (G)\

⋃
H∈H V (H). From each edge in the matching MH , we add an edge to D, directed

from H to either another cluster H ′ where this edge ends, or to the vertex in V0 where it ends.
The resulting digraph has large average degree, and hence it contains an antidirected cycle. By
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examining this antidirected cycle closely, we will be able to turn it into a cluster cycle, in the sense of
the Definition 4.1, which is impossible due to Lemma 4.2 c). However, we must do this carefully, in
order to avoid unwanted vertex overlaps, and thus we perform a cleaning procedure on the matchings
MH before defining D. Let us now give the details.

Lemma 6.4. Let 1/k0 ≪ ε ≪ 1. Let n be the least integer for which there is an integer k0 ≤ k ≤ n/2
and an n-vertex graph G with more than (k − 1)(n − k + 1) edges for which either a)

∑
ℓ∈C(G)

1
ℓ <∑k

ℓ=2
1
2ℓ or b)

∑
ℓ∈C(G)

1
ℓ =

∑k
ℓ=2

1
2ℓ , e(G) ≥ k(n− k) and G is not a copy of Kk,n−k. Let G be such

a graph and let H be a collection of edge-disjoint (ε, k)-clusters in G maximising
∑

H∈H e(H) and,
subject to that, minimising |H|. Then, |H| ≤ 1.

Proof . Suppose, for contradiction, that |H| ≥ 2. Without loss of generality, we can assume that no
union of two (ε, k)-clusters in H is itself a (ε, k)-cluster (otherwise uniting them will give a family of
clusters with the same

∑
H∈H e(H) and smaller |H|). We start with the following claim.

Claim 6.5. For each H ∈ H, there is a matching MH of size k in G between V (H) and V (G)\V (H).

Proof of Claim 6.5. Let H ∈ H. Suppose, for contradiction, that no such matching MH exists. Let
G′ be the bipartite subgraph of G formed by the edges of G between V (H) and V (G)\V (H). By
König’s theorem, the size of a largest matching in G′ is equal to the size of a smallest vertex cover,
and therefore there is a vertex cover S of G′ with size at most k − 1.

Now, as H is a cluster, and so contains an (ε, k)-almost-complete pair, we have |V (H)| ≥ |A(H)|+
|B(H)| ≥ (1 − ε)k + 2k ≥ 2k + 2. As |H| ≥ 2, we can choose a cluster H ′ ∈ H \ {H}. If
|V (H)∩V (H ′)| ≥ 2, then, picking two shared vertices of H and H ′ as paths of length 0, with H and
H ′ we have a cluster cycle, contradicting Lemma 4.2 c). Therefore, we have |V (H) ∩ V (H ′)| ≤ 1, so
that |V (G) \V (H)| ≥ |A(H ′)|+ |B(H ′)| − 1 ≥ (1− ε)k+2k− 1 ≥ 2k+2. Letting A = V (H) \S and
B = V (G)\(V (H)∪S), we thus have a partition V (G) = A∪S∪B such that |A∪S|, |B∪S| ≥ 2k+2,
|S| ≤ k − 1 and S separates A and B in G. This contradicts Lemma 3.1 iii), completing the proof
of the claim. ⊡

Let V0 = V (G)\
(⋃

H∈H V (H)
)
and let V≥2 be the set of vertices that are in at least two different

clusters of H. For each v ∈ V (G) \ V0, fix some cluster H(v) containing v. Note that for any cluster
H ∈ H and v ∈ V (H) \ V≥2, we have H(v) = H (since otherwise H and H(v) would be distinct
clusters containing v, contradicting v /∈ V≥2).

Further, for each H ∈ H, let MH be a matching of size k between V (H) and V (G)\V (H), which
exists due to Claim 6.5. We think of the edges of MH as being directed from H to V (G) \ V (H) (so
if we have some edge uv ∈ E(G) with u ∈ H, v ∈ H ′ which is in both the matchings MH and MH′ ,
then it is directed uv in MH and directed vu in MH′). For each H, let M ′

H be the submatching of
MH consisting of edges uv with u ̸∈ V≥2.

Finally, let us define the auxiliary digraph D on the vertex set V (D) = H ∪ V0. For every edge
uv ∈

⋃
H∈HM ′

H we define an edge fuv in D as follows:

• If uv ∈ M ′
H and v ∈ V0, then fuv goes from H to v.

• If uv ∈ M ′
H and v ̸∈ V0, then fuv goes from H to H(v).

Note that, since each such directed uv is in only one of the matchings M ′
H , H ∈ H, the edge fuv is

well defined. We now discuss the properties of D.

Claim 6.6. The digraph D is simple, i.e. it has no multi-edges.

Proof . Suppose to the contrary that there are two different edges fu1v1 and fu2v2 in D with the same
start and endvertices. By definition there are no edges starting in V0, so the start of fu1v1 and fu2v2

must be some H ∈ H. We must have u1, u2 ∈ V (H) and u1v1, u2v2 ∈ M ′
H . Since M ′

H is a matching,
we have that u1, u2, v1, v2 are distinct. If v1 is in V0, then fu1v1 is an edge directed to v1, and fu2v2

cannot be directed to v1 as v2 ̸= v1. This, and the symmetric argument, means that v1, v2 /∈ V0, and
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so we must have H(v1) = H(v2) as the endvertex of fu1v1 and fu2v2 . Let H = H(u1) = H(u2) and
H ′ = H(v1) = H(v2). Then, H and H ′ with the paths of length 1 given by u1v1 and u2v2 form a
cluster cycle of length two, which is a contradiction by Lemma 4.2 c). Thus, there are no two edges
fu1v1 and fu2v2 in D with the same start and endvertices, i.e. D is a simple digraph. ⊡

Claim 6.7. We have e(D) ≥ (k − 2)|H|.

Proof . Since D is a simple digraph whose edges are in one-to-one correspondence with the edges of⋃
H∈HM ′

H , it suffices to show that
∑

H∈H e(M ′
H) ≥ (k − 2)|H|.

As M ′
H consists of directed edges uv with u ̸∈ V≥2, in the directed graph

⋃
H∈HM ′

H , every vertex
u has outdegree d+(u) ≤ 1 (if uv and uw are edges from u in

⋃
H∈HM ′

H then these must be in
different matchings M ′

H since each one is a matching — say uv ∈ M ′
H1

, uw ∈ M ′
H2

. Since, for each
i ∈ [2], the matching MHi is directed from Hi, this tells us that u ∈ V (H1)∩V (H2). Hence, u ∈ V≥2,
contradicting the choice of M ′

H1
or M ′

H2
). For the same reason each directed edge uv is in at most

one matching M ′
H , H ∈ H. Hence, for each vertex of V≥2 in H, at most one edge is lost in M ′

H .
Let us now bound the number of pairs (v,H) where v ∈ V≥2 ∩ H. Let F be an auxiliary

bipartite graph with parts H and V≥2 with Hv an edge whenever v ∈ V (H). Note that e(F ) =∑
H∈H |V (H) ∩ V≥2|. We claim that F is a forest. Indeed, if F had a cycle H1v1H2v2 . . . HℓvℓH1

then we have a cluster cycle with clusters H1, . . . ,Hℓ and length 0 paths P1 = {v1}, . . . , Pℓ = {vℓ},
contradicting Lemma 4.2 c). Thus e(F ) ≤ |V≥2|+ |H| − 1. Since all vertices in V≥2 have degree ≥ 2
in F , we get 2|V≥2| ≤ e(F ). Combining the two inequalities gives e(F ) ≤ 2|H| − 2. So, we have∑
H∈H

e(M ′
H) ≥

∑
H∈H

(e(MH)− |V (H)∩V≥2|) =
( ∑

H∈H
e(MH)

)
− e(F ) ≥ k|H|− 2|H| = (k− 2)|H|. ⊡

Claim 6.8. The digraph D contains an antidirected cycle.

Proof . We find a partition H = HL ∪HR and consider the spanning subdigraph D′ of D with edges
only those directed from HL to HR ∪ V0. To do this, form HL ⊂ H by including each cluster in
H independently at random with probability 1/2, and let HR = H \ HL. Let D′ ⊂ D have vertex
set V (D) = H ∪ V0 and have all of the edges of E(D) directed from HL to V0 ∪ HR. For each
e ∈ E(D), we have P(e ∈ E(D′)) ≥ (1/2)2, so we can take the partition H = HL ∪ HR so that
e(D′) ≥ e(D)/4 ≥ (k − 2)|H|/4 ≥ k|H|/8.

By Lemma 5.1 and ε ≤ 1, we have

|D′| = |D| = |H|+
∣∣∣∣V (G)\

⋃
H∈H

V (H)

∣∣∣∣ ≤ |H|+ 2000|H|
ε

≤ 2001|H|
ε

. (16)

Thus, D′ has average out-degree at least (k|H|/8) · (2001|H|/ε)−1 ≥ εk/105, which is large as 1/k ≪
ε. Therefore, the underlying undirected graph for D′ contains a cycle, and hence D′ contains an
antidirected cycle. ⊡

Take the cycle from Claim 6.8 and let its vertices be L1R1L2R2 . . . LℓRℓL1 (with L1, . . . , Lℓ ∈ HL

and R1, . . . , Rℓ ∈ HR ∪ V0). For each i ∈ [ℓ], we will now define short paths, which are either Pi, or
P−
i and P+

i . Essentially, when there is a short path in G from Li to Li+1 through Ri then this path
will be Pi and, where there is not, P−

i will be a short path in G from Li to Ri and P+
i will be a

short path in G from Ri to Li+1. More precisely, for each i ∈ [ℓ], let u−i , v
−
i , v

+
i and u+i be such that

LiRi = fu−
i ,v−i

∈ E(D′) and Li+1Ri = fu+
i ,v+i

∈ E(D′) and do the following.

(i) If Ri ∈ V0, then note that v−i = v+i = Ri and let Pi = u−i Riu
+
i .

(ii) If Ri ∈ HR and v−i = v+i , then let Pi = u−i v
−
i u

+
i .

(iii) If Ri ∈ HR and v−i ̸= v+i , then let P−
i = u−i v

−
i and P+

i = v+i u
+
i .
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Now we turn L1R1L2R2 . . . LℓRℓL1 into a cluster cycle: for each i ∈ [ℓ], if (i) or (ii) occurs then
replace Ri in the sequence by Pi. If (iii) occurs, then replace Ri in the sequence by P−

i RiP
+
i .

Labelling appropriately, the result is a sequence H1Q1H2Q2 . . . HsQsH1 alternating between clusters
and paths of length ≤ 2. To show that it is a cluster cycle we need to show that its paths are vertex
disjoint. To do this, for each i, j ∈ [ℓ] and σ, τ ∈ {−,+}, we now prove three statements that certain
pairs of vertices are distinct.

• The vertices uσi and uτj are distinct if (i, σ) ̸= (j, τ). Indeed, if uσi v
σ
i ∈ M ′

H and uτj v
τ
j ∈ M ′

H′

for some distinct H,H ′ ∈ H, then, using that uσi ∈ V (H), uτj ∈ V (H ′) and uσi , u
τ
j /∈ V≥2, we

have that uσi ̸= uτj . On the other hand, if uσi v
σ
i , u

τ
j v

τ
j ∈ M ′

H for some H ∈ H, then uσi v
σ
i , u

τ
j v

τ
j

correspond to edges in D′ directed from H (which must be in HL). Relabelling if necessary,
we thus have σ = −, j = i− 1 and τ = + (working mod ℓ in the indices), and H = Li. As M

′
Li

is a matching, we thus have u−i ̸= u+i−1 in this case as well.

• If vσi and vτj occur in different paths then they are distinct. Indeed, suppose then that vσi and
vτj occur in different paths and that vσi = vτj = v for some vertex v. If v ∈ V0, then, as v is the
in-vertex of at most two edges in the antidirected cycle L1R1L2R2 . . . LℓRℓL1, we must have,
relabelling if necessary, that j = i, σ = + and τ = −. If v /∈ V0, then as H(v) is the in-vertex of
at most two edges in the same cycle, we reach the same conclusion. However, as v−i = v+j = v+i ,
the two corresponding edges are combined into the single path Pi at (i) or (ii), contradicting
that vσi and vτj occur in different paths.

• The vertices uσi and vτj are distinct. Suppose, for contradiction, that there is some vertex x
with uσj = vτi = x. Let L be the cluster whose matching M ′

L contains the edge directed from
uσj ; thus L ∈ HL and x ∈ V (L). Since this edge lies in M ′

L, we have x /∈ V≥2, so L is the
unique cluster of H containing x. As x ∈ V (L), we have x /∈ V0. Therefore, the definition of
the auxiliary edge containing vτi = x gives Ri = H(x) = L. But Ri ∈ HR, whereas L ∈ HL,
contradicting HL ∩HR = ∅.

Each path constructed in (i)–(iii) has vertex set contained in the vertices {u−i , v
−
i , u

+
i , v

+
i }. The three

observations above therefore show that distinct paths are vertex disjoint. Hence the resulting cyclic
sequence is a cluster cycle, contradicting Lemma 4.2. □

6.3 Proof of Theorem 1.2

Finally, we can put all our work together to prove Theorem 1.2.

Proof of Theorem 1.2. Fix 1/k0 ≪ ε ≪ 1 for which Lemmas 5.1, 6.1, and 6.4 hold. We will prove
the theorem for all k ≥ k0. Supposing for contradiction that the theorem is false, choose n minimum
such that there exists an integer k ≥ k0 with n ≥ 2k and an n-vertex graph G with more than
(k− 1)(n− k+ 1) edges, such that either a)

∑
ℓ∈C(G)

1
ℓ <

∑k
ℓ=2

1
2ℓ or b) e(G) ≥ k(n− k), G is not a

complete bipartite graph with vertex classes of size k and n− k and
∑

ℓ∈C(G)
1
ℓ =

∑k
ℓ=2

1
2ℓ .

Let H be a collection of edge-disjoint (ε, k)-clusters in G which maximises
∑

H∈H e(H) and,

subject to that, minimises |H|. Lemma 5.1 applies which gives us |V (G) \V (
⋃

H∈HH)| ≤ 2000|H|
ε . In

particular, this tells us that |H| ̸= 0 since otherwise the left hand side would be |V (G)| = n ≥ 2k0 > 0
and the right hand side would be 0. Lemmas 6.1, 6.4 apply which give us |H| ̸= 1 and |H| ≤ 1
respectively. We have a contradiction since there are no more possible values for |H|.
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A Proof of Theorem 5.13

In this appendix, we confirm the modifications to the work of Liu and Montgomery [18] required
to prove Theorem 5.13. Readers new to the techniques may wish to read the detailed proof sketch
which can be found in [18, Section 2.4] before reading this.

In Section A.1, we will record several results from [18], noting where we can additionally remove
the bipartiteness condition without changing the proof. In Section A.2, we then prove Theorem 5.13,
which we repeat below for convenience.

Theorem 5.13. For every sufficiently small ε1 > 0 and each 0 < ε2 < 1/5, there exists d0 =
d0(ε1, ε2) such that the following holds for each n ≥ d ≥ d0. If Γ is an n-vertex (ε1, ε2d)-expander
with d(Γ) ≥ 2d and δ(Γ) ≥ d, then one of the following holds.

C1 There are disjoint sets U, V ⊂ V (Γ) with |U | ≤ log20 n, |V | ≥ log80 n, and dΓ(v, U) ≥ (1−2ε2)d
for each v ∈ V .

C2 For each distinct x, y ∈ V (Γ), and each ℓ ∈ [log7 n, n/(4 log12 n)], Γ contains an x, y-path which
has length 2ℓ or 2ℓ+ 1.

The basic tool used in [18] to adjust the length of a path is an adjuster, defined as follows.

Definition A.1. A (D,m, k)-adjuster A = (v1, F1, v2, F2, A) in a graph G consists of vertices v1, v2 ∈
V (G), graphs F1, F2 ⊆ G and a vertex set A ⊆ V (G) such that the following hold for some ℓ ∈ N.

E1 A, V (F1) and V (F2) are pairwise disjoint.

E2 F1, F2 have D vertices each, and each v ∈ V (Fi) has distance at most m from vi in Fi, for
i = 1, 2.

E3 |A| ≤ 10mk.

E4 For each i ∈ {0, 1, . . . , k}, there is a v1, v2-path in G[A ∪ {v1, v2}] with length ℓ+ 2i.
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We call the smallest such ℓ for which these properties hold the length of the adjuster and denote it
ℓ(A). Note that it immediately follows that ℓ(A) ≤ |A|+1 ≤ 10mk+1. We call a (D,m, 1)-adjuster
a simple adjuster. We refer to the subgraphs F1 and F2 of an adjuster A = (v1, F1, v2, F2, A) as the
ends of the adjuster, and let V (A) = V (F1) ∪ V (F2) ∪A.

In simple terms, an adjuster is a gadget in which we
can find paths of many different lengths between the
two fixed end-vertices v1 and v2 (see Figure 5). The
purpose of subgraphs F1 and F2 is to make it easier to
chain several adjusters together: the strategy will be to
connect the subgraphs Fi using sublinear expansion (for
example, using a statement like Lemma 5.7) and then
route the paths to the vertices vi.

F1 F2

A

ℓ+ 4

ℓ+ 2

ℓ
v1 v2

Figure 5: An adjuster.

Having understood why adjusters are useful, the natural question is: how does one build adjusters?
Assuming that the propertyC1 does not hold, the first step is to build simple adjusters, which support
precisely two distinct path lengths (we show how to do this in Lemma A.14). Once this is done, if
we chain k disjoint (D,m, 1)-adjusters, then we will be able to change the length of the resulting
path by any x ∈ {2, 4, . . . , 2k}, by choosing how many simple adjusters we alter (this is done in
Lemma A.18).

A.1 Quoted results

We will use the following simple and well-known result.

Proposition A.2. Within any graph G there is a bipartite subgraph H with d(H) ≥ d(G)/2.

Combining this with Theorem 5.6, we get the following corollary, which we use in the proof of
Theorem 5.13.

Corollary A.3. For every sufficiently small ε1 > 0, the following holds for every ε2 > 0 and d ∈ N.
Every graph G with d(G) ≥ 8d has a bipartite (ε1, ε2d)-expander subgraph H with δ(H) ≥ d.

The following lemma gives an upper bound on the diameter of the sublinear expander, and in
that sense is very similar to Lemma 5.7. The main difference is that it assumes a minimum degree
condition, and therefore can allow the sets which need to be connected to be very small. It is quoted
verbatim from [18, Lemma 3.4].

Lemma A.4. For each 0 < ε1, ε2 < 1, there exists d0 = d0(ε1, ε2) such that the following holds for
each n ≥ d ≥ d0 and x ≥ 1. Let G be an n-vertex (ε1, ε2d)-expander with δ(G) ≥ d− 1.

Let A,B ⊆ V (G) with |A|, |B| ≥ x, and let W ⊆ V (G) \ (A ∪B) satisfy |W | log3 n ≤ 10x. Then,
there is a path from A to B in G−W with length at most 40

ε1
log3 n.

We need the following definition, where we use the notation Bi
Γ(X) = {v ∈ V (Γ) : distΓ(v,X) ≤ i}

for the ball of radius i around the vertex set X in the graph Γ.

Definition A.5. A vertex set A has k-limited contact with a vertex set X in a graph H if, for each
i ∈ N,

|NH(Bi−1
H−X(A)) ∩X| ≤ ki.

The following lemma is not used directly here, but we include it to state clearly the slight modi-
fication in its statement (and correspondingly its proof) that we need. It is [18, Lemma 3.5] with the
bipartiteness condition removed and where F3 is a slightly weaker condition compared to that used
in [18] (where ‘dG(v, U) ≤ d/2’ was used). However, it can be seen that the bipartiteness condition
is never used in the proof of [18, Lemma 3.5], while, in both places that the corresponding version of
F3 is used, the bound actually invoked is that from F3. (Moreover, the bound used from F3 is far
from optimised in the proof and thus the version we need holds comfortably.)
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Lemma A.6. For any 0 < ε1, ε2 < 1, there exists d0 = d0(ε1, ε2) such that the following holds for
each n ≥ d ≥ d0. Suppose that G is an n-vertex (ε1, ε2d)-expander with δ(G) ≥ d.

Let U ⊆ V (G) satisfy |U | ≤ exp((log log n)2), and let K = G−U . Let I be any set and Vi ⊆ V (K),
i ∈ I, be pairwise disjoint sets such that, for each i ∈ I,

F1 ε2d ≤ |Vi| ≤ exp((log log n)2),

F2 |NK(Vi)| ≤ 5|Vi|
log10 |Vi|

, and

F3 dG(v, U) ≤ (1− 2ε2)d for each v ∈ Vi.

Then, | ∪i∈I Vi| < n1/8.

The following lemma is [18, Lemma 3.7], with the bipartiteness condition removed and one of
the conditions relaxed ([18, C4], to get G4) so that certain vertices can have at most (1 − 2ε2)d
neighbours in a relevant set U , rather than at most d/2. This is possible as, firstly, the bipartiteness
condition is used only in invoking [18, Lemma 3.5], in whose proof the condition is not used. Secondly,
the condition [18, C4] is invoked twice in the proof of [18, Lemma 3.7]. The first time it is used is
for an inequality that can easily be checked to hold with the weaker G41, while the second time it is
used is to apply [18, Lemma 3.5] which can be replaced by Lemma A.6.

Lemma A.7. For each 0 < ε1 < 1, 0 < ε2 < 1/5 and k ∈ N there exists d0 = d0(ε1, ε2, k) such
that the following holds for each n ≥ d ≥ d0. Suppose that G is an n-vertex (ε1, ε2d)-expander with
δ(G) ≥ d. Let U ⊆ V (G) satisfy |U | ≤ exp((log log n)2). Let r = n1/8 and ℓ0 = (log log n)20. Suppose
(Ai, Bi, Ci), i ∈ [r], are such that the following hold for each i ∈ [r].

G1 |Ai| ≥ d0.

G2 Bi ∪ Ci and Ai are disjoint sets in V (G) \ U , with |Bi| ≤ |Ai|/ log10 |Ai|.

G3 Ai has 4-limited contact with Ci in G− U −Bi.

G4 Each vertex in Bℓ0
G−U−Bi−Ci

(Ai) has at most (1− 2ε2)d neighbours in U .

G5 For each j ∈ [r] \ {i}, Ai and Aj are at least a distance 2ℓ0 apart in G−U −Bi−Ci−Bj −Cj.

Then, for some i ∈ [r], |Bℓ0
G−U−Bi−Ci

(Ai)| ≥ logk n.

We need the following definition.

Definition A.8. Given a vertex v in a graph F , F is a (D,m)-expansion of v if |F | = D and v is at
distance at most m in F from any other vertex of F .

The following result says that a (D,m)-expansion can always be trimmed to become a (D′,m)-
expansion, for any D′ ≤ D. This result is proved in [18, Proposition 3.10] by successively removing
the leaves from the spanning tree of depth at most m until D′ vertices remain.

Proposition A.9. Let D,m ∈ N and 1 ≤ D′ ≤ D. Then, any graph F which is a (D,m)-expansion
of v contains a subgraph which is a (D′,m)-expansion of v.

We will use the following result, which is [18, Lemma 3.11] with the bipartiteness condition
removed. This removal is possible as the condition is not used in its proof, which relies on [18,
Lemma 3.2], [18, Lemma 3.4], and [18, Proposition 3.10], none of which use a bipartiteness condition.

1More precisely, towards the end of the proof of [18, Lemma 3.7], it is reasoned ‘if |Ai| < ε2d, then
. . . |BG−U−Bi−Ci(Ai)| ≥ δ(G) − |Bi| − 4 − d/2 ≥ ε2d’, where δ(G) ≥ d and |Bi| ≤ |Ai|/ log10 |Ai|. If G4 is used
instead, we get ‘if |Ai| < ε2d, then . . . |BG−U−Bi−Ci(Ai)| ≥ δ(G)− |Bi| − 4− (1− 2ε2)d ≥ ε2d’ as d ≥ d0(ε1, ε2).
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Lemma A.10. For each k ∈ N and any 0 < ε1, ε2 < 1, there exists d0 = d0(ε1, ε2, k) such that the
following holds for each n ≥ d ≥ d0.

Suppose that G is an n-vertex (ε1, ε2d)-expander with δ(G) ≥ d − 1. Let m = 40
ε1

log3 n. Let
C be a shortest cycle in G, and let x1, . . . , xk be distinct vertices in G. For each i, j ∈ [k], let
Di,j ∈ [1, log5k n].

Then, there are graphs Fi,j ⊆ G, i, j ∈ [k], such that the following hold.

• For each i, j ∈ [k], Fi,j is a (Di,j , 5m)-expansion around xi which contains no vertices other
than xi in V (C) ∪ {x1, . . . , xk}.

• The sets V (Fi,j) \ {xi}, i, j ∈ [k], are pairwise disjoint.

We will also use the following result, which is [18, Lemma 3.12] with the bipartiteness condition
removed. This removal is possible as the condition is not used in its proof, which relies on no other
results in [18].

Lemma A.11. For any 0 < ε1, ε2 < 1, there exists d0 = d0(ε1, ε2) such that the following holds
for each n ≥ d ≥ d0. Suppose that G is an n-vertex (ε1, ε2d)-expander with δ(G) ≥ d and let
m = 50

ε1
log3 n.

For any set W ⊆ V (G) with |W | ≤ ε1n/(100 log
2 n), there is a set B ⊆ V (G) \ W with size at

least n/25 and diameter at most 2m, and such that G[B] is a (D,m)-expansion around some vertex
v ∈ B for D = |B|.

Next, we will use the following result, which is [18, Corollary 3.15] with the bipartiteness condition
removed. This is possible, as follows. Its proof does not use the bipartiteness condition directly, but
invokes [18, Lemma 3.4], [18, Lemma 3.13] and [18, Lemma 3.14], the latter two of which require
a bipartiteness condition. However, both [18, Lemma 3.13] and [18, Lemma 3.14] can have their
bipartiteness condition removed as their proofs do not use it directly and only invoke [18, Lemma 3.4],
[18, Proposition 3.10] and [18, Lemma 3.12], only the last of which has a bipartiteness condition,
which we have already noted is unneeded while recording it as Lemma A.11.

Lemma A.12. For any 0 < ε1, ε2 < 1, there exists d0 = d0(ε1, ε2) such that the following holds for
each n ≥ d ≥ d0. Suppose that G is an n-vertex (ε1, ε2d)-expander with δ(G) ≥ d.

Let log10 n ≤ D ≤ n/ log10 n, 100
ε1

log3 n ≤ m ≤ log4 n and ℓ ≤ n/ log12 n. Let A ⊆ V (G) satisfy

|A| ≤ D/ log3 n. Let F1, . . . , F4 ⊆ G− A be vertex-disjoint subgraphs and v1, . . . , v4 be vertices such
that, for each i ∈ [4], Fi is a (D,m)-expansion of vi.

Then, G − A contains vertex-disjoint paths P and Q with ℓ ≤ ℓ(P ) + ℓ(Q) ≤ ℓ + 22m such that
both P and Q connect {v1, v2} to {v3, v4}.

Within a bipartite expander, we will be able to find a simple adjuster, using the following result,
which is [18, Lemma 4.2]. The bipartiteness condition is used in its proof. Though it would not be
difficult to prove a very similar result without this condition, in order to minimise our alterations we
will use it directly.

Lemma A.13. For any 0 < ε1 < 1, 0 < ε2 < 1/5 and k ∈ N, there exists d0 = d0(ε1, ε2, k) such that
the following is true for each n ≥ d ≥ d0. Suppose that G is an n-vertex bipartite (ε1, ε2d)-expander
with δ(G) ≥ d− 1.

Let C be a shortest cycle in G and let x1, x2 be distinct vertices in V (G)\V (C). Let m = 200
ε1

log3 n

and D ≤ log5k n.
Then, G contains a (D,m, 1)-adjuster (v1, F1, v2, F2, A) with v1 = x1, v2 = x2 and V (C) ⊆ A.

A.2 Proof of Theorem 5.13

We can now prove Theorem 5.13. We do so while making minimal adjustments to the proofs in [18].
In essence, the proof proceeds by assuming that C1 does not hold, and showing that simple adjusters
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can be built robustly, and then combined to get many distinct path lengths between any two vertices
v1, v2 ∈ V (G). In what follows, we will denote the negation of the assumption C1 by H.

Aside from removing some bipartiteness conditions in Section A.1, as described in Section 5.3,
instead of condition B1 in Theorem 5.12, we will use C1. Essentially, aside from using the minimum
degree bound more closely here, C1 was used in [18] to implyB1. Thus, the impact of the alteration is
minimal, but requires a small change throughout the proof. As noted above, the proof of Theorem 5.13
is discussed without these modifications in Section 2.4 of [18]. The following proof follows closely the
proof in [18, Sections 4.2, 4.3 and 4.5].

In Section A.2.1, we use Lemma A.13 to find such an adjuster despite the removal of any medium-
sized vertex set from the expander, giving Lemma A.14. In Section A.2.2, we chain simple adjusters
together for Lemma A.18, before using this to join vertex expansions by paths with precise lengths
for Lemma A.19. Finally, we prove Theorem 5.13 in Section A.2.3.

A.2.1 Finding simple adjusters robustly

In this section, we prove Lemma A.14, a key component of our proof. This finds a simple adjuster
robustly in an expander G – that is, given any subset U ⊆ V (G) with moderate size, we construct
an adjuster in G−U . Note that the property H assumed by this lemma is precisely the negation of
the property C1 required by Theorem 5.13.

Lemma A.14. For every sufficiently small ε1 > 0 and every 0 < ε2 < 1/5, there exists d0 = d0(ε1, ε2)
such that the following is true for each n ≥ d ≥ d0. Suppose that G is an n-vertex (ε1, ε2d)-expander
with δ(G) ≥ d for which the following property holds.

H There are no disjoint sets U0,W0 ⊂ V (G) such that |U0| ≤ log20 n, |W0| ≥ log80 n and every
vertex in W0 has at least (1− 2ε2)d neighbours in U0.

Let m = 400
ε1

log3 n and D = log14 n. For every subset U ⊆ V (G) with |U | ≤ 10D, G−U contains
a (D, 2m, 1)-adjuster.

Proof . Let 0 < ε1 < 1 be small enough that the property in Corollary A.3 holds. Suppose, for
contradiction, that G − U contains no (D, 2m, 1)-adjuster. Let ∆ = 200mD, L = {v ∈ V (G) :
dG(v) ≥ ∆} and G′ = G− L, so that ∆(G′) ≤ ∆.

Set ℓ0 = (log log n)20. Let Z0 = {v ∈ V (G) \ U : dG(v, U) ≥ (1 − 2ε2)d}. Then, by H, as
|U | ≤ 10D ≤ log20 n, we have |Z0| < log80 n. Hence, as δ(G) ≥ d and n ≥ d0(ε1, ε2) is large, G− U
contains at least (n− |U | − |Z0|) · 2ε2d/2 ≥ ε2nd/2 edges. Let U1 = U ∪ Z0, so that |U1| ≤ 2 log80 n.

Take a maximal collection A0 of adjusters in G− U , such that the following hold.

I1 The sets V (F1∪F2), (v1, F1, v2, F2, A) ∈ A0, are subsets of V (G′) and are all at least a distance
10ℓ0 apart from each other and from U1 \ L in G′.

I2 For each A ∈ A0, for some mA with log3 d0 ≤ mA ≤ m, A is an (m2
A,mA, 1)-adjuster.

Claim A.15. |A0| ≥ n1/4.

Proof . Suppose, for contradiction, that |A0| < n1/4. Let W = (U1 ∪ (
⋃

A∈A0
V (A))) \ L. For each

A = (v1, F1, v2, F2, A) ∈ A0, |V (A)| = |F1| + |F2| + |A| ≤ 2m2
A + 10mA ≤ 3m2, and therefore

|W | ≤ n1/4 · 3m3 + 2 log80 n ≤ n1/3. Let W ′ = B10ℓ0
G′ (W ), so, as ∆(G′) ≤ ∆, we have that |W ′| ≤

2|W | ·∆10ℓ0 ≤ n1/2.
Now, there are at most |W ′|∆ ≤ ∆n1/2 ≤ ε2nd/4 edges in G with some vertex in W ′. Let

d̄ = ε2d/16. As G−U contains at least ε2nd/2 edges, G−U −W ′ contains at least ε2nd/4 edges, so
that d(G−U−W ′) ≥ ε2d/2 = 8d̄. Then, by Corollary A.3, G−U−W ′ contains an (ε1, ε2d̄)-expander
H with δ(H) ≥ d̄. Let C be a shortest cycle in H. We will consider two cases, depending on how
many vertices of L there are in V (H) \ V (C).
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Case I: |(V (H) \ V (C)) ∩ L| ≤ 1. Let H ′ = H − (V (H) \ V (C)) ∩ L, so that δ(H ′) ≥ d̄ − 1. Note
that, for each X ⊆ V (H ′) with ε2d̄/2 ≤ |X| ≤ |H ′|/2 ≤ |H|/2, we have

|NH′(X)| ≥ |NH(X)| − 1 ≥ |X| · ρ(|X|, ε1, ε2d̄)− 1

≥ 1

2
|X| · ρ(|X|, ε1, ε2d̄) +

ε2d̄

4
· ρ(ε2d̄/2, ε1, ε2d̄)− 1

≥ |X| · ρ(|X|, ε1/2, ε2d̄) +
ε2d̄

4
· ε1

log2(15/2)
− 1 ≥ |X| · ρ(|X|, ε1/2, ε2d̄),

where the last inequality follows as d̄ ≥ 2ε2 · d0(ε1, ε2)/32 is large. Therefore, H ′ is a (ε1/2, ε2d̄)-
expander with δ(H ′) ≥ d̄− 1. Note that C is a shortest cycle in H ′.

Let mH′ = 400 log3 |H ′|/ε1 ≤ m, and note that, as |H ′| ≥ δ(H ′) + 1 ≥ d̄ ≥ ε2d0/16, and
d0 = d0(ε1, ε2) is large, mH′ ≥ log3 d0. Since C is induced and δ(H ′) ≥ d̄ − 1 > 3, there are at
least two vertices outside C. Picking arbitrary distinct vertices x1, x2 ∈ V (H ′) \ V (C) and noting
that d̄ ≥ 2ε2 · d0(ε1, ε2)/32 is large, by Lemma A.13 with (k,D)A.13 = (10,m2

H′), H ′ contains an
(m2

H′ ,mH′ , 1)-adjuster (v1, F1, v2, F2, A) with V (C) ⊆ A. As A is disjoint from V (F1∪F2), V (C) ⊆ A
and (V (H ′) \ V (C)) ∩ L = ∅, we have that V (F1 ∪ F2) is disjoint from L, and hence lies in V (G′).
Together with V (F1∪F2) ⊆ V (H ′) being disjoint from W ′ and so 10ℓ0-far in G′ from the ends of the
adjusters in A0 and from U1 \ L, this violates the maximality of A0, a contradiction.

Case II: |(V (H) \ V (C)) ∩ L| ≥ 2. Let x1, x2 ∈ (V (H) \ V (C)) ∩ L be distinct and let mH =
200 log3 |H|/ε1 ≤ m. By Lemma A.13 with (k,D)A.13 = (1, 1), H contains a (1,mH , 1)-adjuster
(v1, F1, v2, F2, A) with v1 = x1 and v2 = x2. Using that |A| ≤ 10mH ≤ 10m, |U | ≤ 10D, and
dG(x1), dG(x2) ≥ ∆ = 200mD, pick disjoint sets X1 ⊆ NG(x1) \ (U ∪ A ∪ {x2}) and X2 ⊆ NG(x2) \
(U ∪ A ∪ {x1}) with |X1| = |X2| = D − 1. Letting F ′

i = G[{xi} ∪ Xi] for each i ∈ [2], and noting
|A| ≤ 20m, we have that (x1, F

′
1, x2, F

′
2, A) is a (D, 2m, 1)-adjuster in G− U , a contradiction. ⊡

Now, let A1 ⊆ A0 be the set of adjusters (v1, F1, v2, F2, A) ∈ A0 for which there is no path with
length at most ℓ0 from V (F1) ∪ V (F2) to L \ U in G− U −A.

Claim A.16. |A1| ≥ n1/4/2.

Proof . Let r = n1/8. Suppose, for contradiction, that we can label distinct A1, . . . ,Ar ∈ A0 \ A1.
Say, for each i ∈ [r], that Ai = (vi,1, Fi,1, vi,2, Fi,2, Āi) and let P ′

i be a shortest path with length at
most ℓ0 from V (Fi,1) ∪ V (Fi,2) to L \ U in G − U − Āi. Relabelling, if necessary, for each i ∈ [r]
suppose the endvertex of P ′

i in V (Fi,1 ∪ Fi,2) is in V (Fi,1), and let Qi be a path from this endvertex
of P ′

i to vi,1 in Fi,1 with length at most mAi .
For each i ∈ [r], let xi be the endpoint of P ′

i in L \ U , and let Pi = P ′
i − xi. We shall apply

Lemma A.7 by setting, for each i ∈ [r], Ai = V (Fi,2), Bi = Āi ∪ V (Qi) ∪ {xi} and Ci = V (Pi).
Firstly, as |Ai| = m2

Ai
≥ log6 d0 by I2 and d0 = d0(ε1, ε2) is large, we have that |Ai| ≥ dA.7

0 , where

dA.7
0 = dA.7

0 (ε1, ε2, 100) is the function in Lemma A.7, so that G1 holds.
As V (Fi,2) ⊆ V (G′) = V (G)\L by I1, and V (Fi,2) is disjoint from V (Fi,1) and Āi by E1, we have

that Ai and Bi ∪Ci are disjoint. Furthermore, |Bi| ≤ |Āi|+ |Qi|+ 1 ≤ 20mAi ≤ m2
Ai
/ log10(m2

Ai
) as

mAi ≥ log3 d0 is large, and thus G2 holds.
Now, as P ′

i is a shortest path from V (Fi,1) ∪ V (Fi,2) to L \ U in G − U − Āi, which has an
endvertex in V (Fi,1), and Ai = V (Fi,2), we have, for each ℓ ∈ N, that Bℓ

G−U−Āi
(Ai) has at most ℓ+1

vertices in P ′
i , and hence Pi. Therefore, Ai has 4-limited contact with Ci in G− U − Āi, and hence

in G− U −Bi, and thus G3 holds.
Suppose there is a path, Ri say, with length at most 10ℓ0 from Ai to L\(U∪{xi}) inG−U−Bi−Ci.

Then, there is a path R′
i ⊆ Ri ∪Fi,2 from vi,2 to some vertex yi ∈ L \ (U ∪ {xi}) with length at most

10ℓ0+mAi ≤ 2m−1, and the pathQi∪P ′
i is a path from vi,1 to xi with length at mostmAi+ℓ0 ≤ 2m−1

in G−U− Āi with vertices in Bi∪Ci. Then, as |U ∪ Āi∪V (R′
i)∪V (Qi∪P ′

i )| ≤ 10D+10mAi +4m ≤
10D + 15m, as xi, yi ∈ L both have degree at least ∆ = 200mD, we can choose Xi ⊆ NG(xi) and
Yi ⊆ NG(yi) which are disjoint from each other and from U ∪ Āi ∪ V (R′

i)∪ V (Qi ∪ P ′
i ) and have size
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D− |P ′
i ∪Qi| and D− |R′

i| respectively. Then, (vi,1, G[Xi ∪ V (P ′
i )∪ V (Qi)], vi,2, G[Yi ∪ V (R′

i)], Āi) is
a (D, 2m, 1)-adjuster in G− U , a contradiction. Therefore, there is no such path Ri. Consequently,
recalling that Ai = V (Fi,2), we have

Bℓ0
G−U−Bi−Ci

(Ai) = Bℓ0
G′−U−Bi−Ci

(Ai),

which, by I1, is disjoint from U1. By the choice of Z0 ⊆ U1, we have that G4 holds.
Now, similarly, for any j ∈ [r] \{i}, we have that Bℓ0

G−U−Bj−Cj
(Aj) = Bℓ0

G′−U−Bj−Cj
(Aj), so that,

by I1, Bℓ0
G−U−Bj−Cj

(Aj) and Bℓ0
G−U−Bi−Ci

(Ai) are disjoint. In particular, Ai and Aj are a distance
at least 2ℓ0 apart in G− U −Bi − Ci −Bj − Cj , and therefore G5 holds.

Thus, by Lemma A.7, there is some j ∈ [r] for which |Bℓ0
G−U−Bj−Cj

(Aj)| ≥ log100 n ≥ D. As Fj,2

is an (m2
Aj

,mAj )-expansion of vj,2 in G′ − U − Bj − Cj , mAj ≤ m and Aj = V (Fj,2), we have that

|B2m
G−U−Bj−Cj

(vj,2)| ≥ D as ℓ0 ≪ m. Therefore, by Proposition A.9, we can pick a (D, 2m)-expansion,

F ′
j,2 say, of vj,2 in G− U −Bj − Cj .

As xj ∈ L, we can then pick a set U ′ of neighbours of xj disjoint from U ∪V (F ′
j,2)∪ Āj ∪V (Qj)∪

V (P ′
j) with |U ′| = D − |V (P ′

j ∪ Qj)|. Let F ′
j,1 = G[U ′ ∪ V (P ′

j) ∪ V (Qj)]. Note that F ′
j,1 is then

a (D, 2m)-expansion of vj,1 as Qj ∪ P ′
j is a vj,1, xj-path with length at most mAj + ℓ0 ≤ 2m − 1.

Finally, note that (vj,1, F
′
j,1, vj,2, F

′
j,2, Āj) is a (D, 2m, 1)-adjuster in G−U , a contradiction. Therefore,

|A0 \A1| < r = n1/8, and so by Claim A.15, we have |A1| > n1/4 − r ≥ n1/4/2. ⊡

Let A′
1 ⊆ A1 satisfy |A′

1| = n1/4/2. Then, | ∪A∈A′
1
V (A)| ≤ n1/4 · 3m2 ≤ n1/3 by I2. Set

W = U ∪Bℓ0
G′(∪A∈A′

1
(V (A) \L))∪

⋃
A∈A′

1
V (A), noting that |W | ≤ 10D+ n1/3 · 2∆ℓ0 + n1/3 ≤ n1/2.

Thus, by Lemma A.11 and Proposition A.9, there is a set Z ⊆ V (G) \W with |Z| = 10m2D so that
G[Z] has diameter at most m/2 and Z is a distance greater than ℓ0 in G′ from V (A) \ L for each
A ∈ A′

1. Note that since Z ⊆ V (G) \W , we have Z ∩ V (A) = ∅ for all A ∈ A′
1.

Let A2 ⊆ A′
1 be the set of adjusters (v1, F1, v2, F2, A) ∈ A′

1 for which there is no path with length
at most m/2 from V (F1) ∪ V (F2) to Z in G− U −A.

Claim A.17. |A2| ≥ n1/4/4.

Proof . Let r = n1/8. Suppose, for contradiction, we can label distinct A1, . . . ,Ar ∈ A′
1 \A2. Say,

for each i ∈ [r], that Ai = (vi,1, Fi,1, vi,2, Fi,2, Āi) and let Pi be a shortest path with length at most
m/2 from V (Fi,1) ∪ V (Fi,2) to Z in G − U − Āi. Relabelling, if necessary, for each i ∈ [r] suppose
the endvertex of Pi in V (Fi,1 ∪ Fi,2) is in V (Fi,1), and let Qi be a path from this endvertex of Pi to
vi,1 in Fi,1 with length at most mAi .

We will apply Lemma A.7 to Ai = V (Fi,2), Bi = Āi∪V (Qi) and Ci = V (Pi), for each i ∈ [r]. For
each i ∈ [r], similarly to the proof of Claim A.16, we have that G1–G3 hold. By the choice of A1,
for each i ∈ [r], there is no path of length at most ℓ0 from Ai to L \U in G−U −Bi−Ci. Therefore,
the sets Bℓ0

G−U−Bi−Ci
(Ai) and Bℓ0

G′−U−Bi−Ci
(Ai) are the same set, and thus, by I1, this set is disjoint

from U1. Thus, G4 holds by the definition of Z0. It similarly follows that Bℓ0
G−U−Bi−Ci

(Ai) and

Bℓ0
G−U−Bj−Cj

(Aj) are vertex-disjoint for each j ∈ [r] \ {i}, and thus G5 holds.

Thus, by Lemma A.7, there is some j ∈ [r] for which |Bℓ0
G′−U−Bj−Cj

(Aj)| = |Bℓ0
G−U−Bj−Cj

(Aj)| ≥
D. Thus, as Fj,2 is an (m2

Aj
,mAj )-expansion of vj,2 inG′−U−Bj−Cj by I1 and I2, and Aj = V (Fj,2),

by Proposition A.9, there is a (D, 2m)-expansion, F ′
j,2 say, of vj,2 in Bℓ0

G′−U−Bj−Cj
(V (Fj,2)). As Z

was chosen to have a distance greater than ℓ0 in G′ from V (Aj) \L, we have that V (F ′
j,2) is disjoint

from Z.
Now, as Z has diameter at most m/2 in G, Qj ∪ Pj ∪ G[Z] is an expansion of vj,1 with radius

at most ℓ(Qj) + ℓ(Pj) + m/2 ≤ 2m and size at least D. Therefore, by Proposition A.9, we can
find within Qj ∪ Pj ∪G[Z] a (D, 2m)-expansion, F ′

j,1 say, of vj,1, which then must be vertex-disjoint

from Āj and from V (F ′
j,2) ⊆ Bℓ0

G′−U−Bj−Cj
(V (Fj,2)). Thus, we have that (vj,1, F

′
j,1, vj,2, F

′
j,2, Āj) is a

(D, 2m, 1)-adjuster in G− U , a contradiction. Thus, |A2| ≥ |A′
1| − r ≥ n1/4/4, by Claim A.16. ⊡
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Let r = n1/8. Using Claim A.17, label distinct A1, . . . ,Ar ∈ A2, and say, for each i ∈ [r], that
Ai = (vi,1, Fi,1, vi,2, Fi,2, Āi). We shall apply Lemma A.7 to Ai = V (Fi,1∪Fi,2), Bi = Āi and Ci = ∅.
Similarly to the proof of Claim A.17, the only difference being that G3 holds trivially as Ci = ∅ and
Ai is slightly larger, we have that G1–G5 hold.

Thus, applying Lemma A.7 with k = 100, there is some j ∈ [r] with |Bℓ0
G−U−Bj−Cj

(Aj)| =

|Bℓ0
G−U−Bj

(Aj)| ≥ 10m2D ≥ 10 log3 n|U∪Bj |. Therefore, by Lemma A.4, there is a path in G−U−Bj

from Bℓ0
G−U−Bj

(Aj) to Z with length at most m/4. Then, as Aj = V (Fj,1 ∪Fj,2) and Bj = Āj , there

is a path in G− U − Āj from V (Fj,1 ∪ Fj,2) to Z with length at most m/2, contradicting Aj ∈ A2,
and completing the proof. □

A.2.2 Connecting simple adjusters for paths with specific lengths

Using Lemma A.14, we can find many vertex-disjoint simple adjusters. We now connect them together
into a larger adjuster, for Lemma A.18, before using these to construct paths with specific lengths
for Lemma A.19.

Lemma A.18. For every sufficiently small ε1 > 0 and any 0 < ε2 < 1/5, there exists d0 = d0(ε1, ε2)
such that the following holds for each n ≥ d ≥ d0. Suppose that G is an n-vertex (ε1, ε2d)-expander
with δ(G) ≥ d and the following property.

H There are no disjoint sets U0,W0 ⊂ V (G) such that |U0| ≤ log20 n, |W0| ≥ log80 n and every
vertex in W0 has at least (1− 2ε2)d neighbours in U0.

Let m = 1600
ε1

log3 n and D = log10 n. Suppose 1 ≤ r ≤ 30m and U ⊆ V (G) with |U | ≤ 2D.
Then, there is a (D,m, r)-adjuster in G− U .

Proof . Let ε1 > 0 be sufficiently small that the property in Lemma A.14 holds, and set D′ := log14 n.
By that lemma, as d ≥ d0(ε1, ε2) is large, for every set V ⊆ V (G) with |V | ≤ 10D′, the graph G− V
contains a (D′,m/2, 1)-adjuster. By Lemma A.4, for any sets X and Y with size at least 2D′, and
any set V ⊆ V (G) \ (X ∪ Y ) with size at most 20D′/ log3 n, there is a path from X to Y in G − V
with length at most m/40.

We prove by induction on r that G − U contains a (D′,m, r)-adjuster. For r = 1, this follows
from Lemma A.14, since |U | ≤ 2D ≤ 10D′. Suppose that 1 ≤ r < 30m and that G − U contains a
(D′,m, r)-adjuster (v1, F1, v2, F2, A1). Let U

′ = U ∪A1∪V (F1)∪V (F2). Since |A1| ≤ 10mr ≤ 300m2,
we have |U ′| ≤ 2D+300m2+2D′ ≤ 5D′ for sufficiently large n. Hence G−U ′ contains a (D′,m/2, 1)-
adjuster (v3, F3, v4, F4, A2).

Moreover, |U∪A1∪A2| ≤ 2D+300m2+5m ≤ 20D′

log3 n
for sufficiently large n. Applying Lemma A.4,

and then taking a minimal subpath between the two indicated unions, gives a path P of length at
most m/40 from V (F1)∪V (F2) to V (F3)∪V (F4) in G−(U∪A1∪A2) whose internal vertices avoid all
four end expansions. Relabelling if necessary, assume that P runs from V (F1) to V (F3). Since F1 is a
(D′,m)-expansion of v1 and F3 is a (D′,m/2)-expansion of v3, there is a v1, v3-path Q ⊆ F1 ∪P ∪F3

with ℓ(Q) ≤ m+ m
40 +

m
2 < 2m. Note that |A1 ∪A2 ∪ V (Q)| ≤ 10mr+ 5m+ (2m+ 1) ≤ 10(r+ 1)m.

Then (v2, F2, v4, F4, A1 ∪A2 ∪ V (Q)) is a (D′,m, r+1)-adjuster. Indeed, E1 and E2 follow from
the choice of P and Q, and |A1 ∪A2 ∪V (Q)| ≤ 10mr+5m+2m ≤ 10(r+1)m, so E3 holds. Finally,
let ℓi be the length of the ith adjuster and put ℓ = ℓ1 + ℓ2 + ℓ(Q). For every i ∈ {0, 1, . . . , r + 1}
choose i1 ∈ {0, 1, . . . , r} and i2 ∈ {0, 1} with i = i1+i2. Concatenating a v2, v1-path of length ℓ1+2i1
in A1 ∪ {v1, v2}, the path Q, and a v3, v4-path of length ℓ2 + 2i2 in A2 ∪ {v3, v4} proves E4.

Thus G−U contains a (D′,m, r)-adjuster. Applying Proposition A.9 to each of its two ends, and
shortening them from order D′ to order D, gives the required (D,m, r)-adjuster in G− U .

Combining Lemma A.18 with Lemma A.12, we can finally find paths with exactly some desired
length, as follows.
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Lemma A.19. For every sufficiently small ε1 > 0 and any 0 < ε2 < 1/5, there exists d0 = d0(ε1, ε2)
such that the following holds for each n ≥ d ≥ d0. Suppose that G is an n-vertex (ε1, ε2d)-expander
with δ(G) ≥ d and the following property.

H There are no disjoint sets U0,W0 ⊂ V (G) such that |U0| ≤ log20 n, |W0| ≥ log80 n and every
vertex in W0 has at least (1− 2ε2)d neighbours in U0.

Let D = log10 n and m = 1600
ε1

log3 n. Suppose F1, F2 ⊆ G are vertex disjoint such that Fi is a

(D,m)-expansion of vi, for each i ∈ [2]. Then, for each ℓ0 with log7 n ≤ ℓ0 ≤ n/ log12 n, there is
some j ∈ [2] such that, for each ℓ ≡ j (mod 2) with ℓ0 ≤ ℓ ≤ ℓ0 + 2m there is a v1, v2-path with
length ℓ in G.

Proof . Let ε1 > 0 be sufficiently small that, for every 0 < ε2 < 1/5, we can take d0 = d0(ε1, ε2)
so that the property in Lemma A.18 holds. Take, then, n ≥ d ≥ d0 and let G be an n-vertex
(ε1, ε2d)-expander with δ(G) ≥ d and the property H. By the property from Lemma A.18, there is
a (D,m, 24m)-adjuster, A = (v3, F3, v4, F4, A) say, in G− V (F1 ∪ F2) with length ℓ(A) ≤ |A|+ 1 ≤
500m2. Let ℓ̄ = ℓ0 − 22m − ℓ(A), so that 0 ≤ ℓ̄ ≤ n/ log12 n. As |A| ≤ 500m2 ≤ D/ log3 n, by
Lemma A.12, there are paths P and Q in G− A which are vertex-disjoint, both connect {v1, v2} to
{v3, v4} and so that ℓ̄ ≤ ℓ(P )+ ℓ(Q) ≤ ℓ̄+22m. Note that we can assume, without loss of generality,
that P is a v1, v3-path and Q is a v2, v4-path.

Now, 0 ≤ ℓ0 − ℓ(P )− ℓ(Q)− ℓ(A) ≤ 22m. As A is a (D,m, 24m)-adjuster there is a v3, v4-path
in G[A ∪ {v3, v4}] with length ℓ(A). Let j ∈ [2] be such that j ≡ ℓ(P ) + ℓ(Q) + ℓ(A) (mod 2).
Then, for each ℓ ≡ j (mod 2) with ℓ0 ≤ ℓ ≤ ℓ0 + 2m, let i be a nonnegative integer such that
2i = ℓ − ℓ(P ) − ℓ(Q) − ℓ(A), where i ≤ 13m. Therefore, by the property of the adjuster, there is a
v3, v4-path, R say, with length ℓ(A) + 2i = ℓ− ℓ(P )− ℓ(Q) in G[A ∪ {v3, v4}]. Then, P ∪R ∪Q is a
v1, v2-path with length ℓ in G.

A.2.3 Proof of Theorem 5.13

Finally, we combine Lemmas A.10 and A.19 to prove Theorem 5.13.

Proof of Theorem 5.13. Let ε1 > 0 be such that the property in Lemma A.19 holds. Let 0 < ε2 < 1/5.
Let d0 = d0(ε1, ε2) be large and let n ≥ d ≥ d0. Suppose then that Γ is an n-vertex (ε1, ε2d)-expander
with d(Γ) ≥ 2d and δ(Γ) ≥ d. Assuming that C1 does not hold, we will now show that C2 holds,
completing the proof of the theorem.

For C2, let x, y ∈ V (Γ) be distinct and let ℓ ∈ [log7 n, n/(4 log12 n)]. Let m = 1600
ε1

log3 n and

D = log10 n. Then, by Lemma A.10 (applied with C taken to be an arbitrary shortest cycle in
Γ), there are vertex-disjoint graphs Fx, Fy ⊆ Γ so that Fx is a (D,m)-expansion of x and Fy is a
(D,m)-expansion of y. As C1 does not hold, we have that H holds. By Lemma A.19, there thus
is some r ∈ [2] such that (taking ℓ0 = 2ℓ − 1) there is an x, y-path in Γ with the unique length in
{2ℓ, 2ℓ+ 1} congruent to r modulo 2, namely ℓ0 + 3− r, as required.
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