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From small eigenvalues to large cuts, and Chowla’s cosine problem

Zhihan Jin* Aleksa Milojevic¢* Istvan Tomon' Shengtong Zhang?

Abstract

We show that there exists an absolute constant v > 0 such that for every A C Z~ we have

min cos(az) < —Q(|A]).
z€[0,27] vy

This gives the first polynomial bound for Chowla’s cosine problem from 1965. To show this, we prove
structural statements about graphs whose smallest eigenvalue is small in absolute value. As another
application, we show that any graph G with m edges and no clique of size m'/2=% has a cut of size at
least m/2 + m!'/2*¢ for some £ = £(§) > 0. This proves a weak version of a celebrated conjecture of
Alon, Bollobas, Krivelevich, and Sudakov. Our proofs are based on novel spectral and linear algebraic
techniques, involving subspace compressions and Hadamard products of matrices.

1 Introduction

The central question in spectral graph theory is how the structural properties of a graph influence its
spectrum and, conversely, what information about the graph the spectrum encodes. Here and throughout,
the spectrum of the graph refers to the set of eigenvalues of its adjacency matrix. Some of the most
prominent relations between eigenvalues and structural properties of a graph are the Expander Mixing
Lemma [4] (which connects pseudorandomness properties of the graph to its eigenvalues) and the Hoffman
bound [43] (which bounds the size of the largest independent set based on the smallest eigenvalue). The
question which concerns us in this paper is the following: what can be said about the graphs whose last
eigenvalue is small in absolute value?

The prime examples of such graphs are cliques, since all of their eigenvalues are at least —1. As
taking disjoint unions of graphs corresponds to taking a union of their spectra, and changing a small
number of edges does not affect the spectrum significantly, it is not hard to see that graphs which are
close to disjoint unions of cliques also have small |\,|, where \,, denotes the smallest eigenvalue of the
graph. The main technical result of our paper is a converse to this statement: we prove that already a
mild restriction |A\,| < nl/4=0(1) on the smallest eigenvalue \,, of an n-vertex graph forces the graph to
be close to a disjoint union of cliques, and the exponent 1/4 is best possible.

We also obtain a variant of this result which applies to sparse graph. More precisely, we show that
graphs of average degree d and smallest eigenvalue |\,| < d” contain cliques of size d'=90) . Perhaps
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surprisingly, this simple graph-theoretic statement has a powerful application to Chowla’s cosine problem
[21] from 1965. In fact, it allows us to prove that if A is a finite set of positive integers, then the function

f(z) = Z cos(ax)

acA

takes values as small as —|A|*(). For a more detailed overview of Chowla’s cosine problem and related
work, consult Section 1.1.

Our methods can also be used to study graphs with small maximum cut, allowing us to make
substantial progress on a celebrated conjecture of Alon, Bollobas, Krivelevich, and Sudakov [3]. This is a
central problem in the study of the maximum cut in H-free graphs, initiated by Erdés and Lovasz [35] in
the 1970’s. If H is a fixed graph, this conjecture states that any graph G with m edges and no subgraph
isomorphic to H has a cut of size at least m/2 + mY/2teH for some ey > 1/4. Here, a cut is a partition
of a vertex set of G into two parts, and its size is the number of edges crossing the partition. We prove
that forbidding a clique of size as large as m'/279 in G already allows to show that G has a cut with at
least m/2 + m'/?*¢ edges, for some € = £(J) > 0. The problem of estimating the size of the maximum
cut is discussed in further detail in Section 1.2.

Finally, our results have further implications about graphs of small second eigenvalue. A classical
result of Alon and Boppana [63] gives a bound on the second-largest eigenvalue Ay of d-regular n-vertex
graphs, and it states that Ay > 2v/d — 1(1 — ﬁ), where D is the diameter of the graph. Note that

this bound is trivial for graphs of diameter at most 3, which could happen already when d > nl/3. In
this paper, we extend Alon—Boppana theorem to dense graphs, and we show that if an n-vertex regular
graph is far from a Turan graph, then its second eigenvalue satisfies Ay > n'/47°(1) with the exponent
1/4 being optimal. Finally, we prove similar structural results about graphs of large bisection width.
Our proofs introduce novel spectral and linear-algebraic techniques based on subspace compressions of
matrices and the use of Hadamard products, which may be of independent interest.

1.1 Chowla’s cosine problem

In 1948, in the study of certain Dedekind zeta functions, Ankeny and Chowla came across the the following
question, see [20] — is it true that for every K > 0 and sufficiently large n > 0, if a1, ..., a, are distinct
integers, then the minimum of the function f(z) = cos(aiz) + --- + cos(apz) is less than —K 7 This
was proved by Uchiyama and Uchiyama [74], albeit with poor quantitative dependencies. Soon after this
work, in 1965, Chowla [21] revisited the problem and made a more precise conjecture, today known as
Chowla’s cosine problem. He asked to show that ming,cp o] f(2) = mingeo 20 > iy cos(a;xr) < —Q(y/n).
The bound —Q(y/n) comes from the fact that in case A = {aq,...,a,} can be written as A = B — B,
where B is a Sidon set, one has min,c[ 2 f(7) = —O(y/n), see [62] for a detailed proof. The bounds of
Uchiyama and Uchiyama were later improved by Roth [67], who showed a lower bound of min, f(z) <
—Q(y/logn/loglogn).

An important observation in the early study of Chowla’s cosine problem was its connection to
Littlewood’s Li-problem, which asks to show that for each n-element set A C Z, the Li-norm of the
Fourier transform of 1 4 is bounded below by logn, i.e.
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Indeed, any lower bound on Littlewood’s Li-problem gives a comparable upper bound for the cosine
problem (see [67| for a detailed derivation). Thus, the resolution of the Littlewood Lj-problem by
Konyagin [53] and McGehee, Pigno and Smith [61] immediately implies that min, f(z) < —Q(logn).

It was Bourgain [14] who first broke this logarithmic barrier, and then his method was further refined
by Ruzsa [68| to give the previously best known bound min, f(x) = —exp (Q(\/log n)) Chowla’s cosine

dx = Q(logn).




problem also appears on Green’s 100 problems list [41] as problem number 81. Here, we give the first
polynomial bound.

Theorem 1.1. There exists an absolute constant v > 0 such that for any A of positive integers, there
exists x € [0,2m] such that

> cos(az) < —Q(A[).

acA

Following our proof, one can take v = 0.01, so it remains an interesting open problem to decide
whether v = 1/2 is the best exponent. Our graph theoretic machinery has a hard theoretical barrier at
the exponent 1/4, and possibly substantial new ideas are needed to move beyond this point (however, we
do not claim that v = 1/4 is reachable either with our methods). We now say a couple of words about
the proof of Theorem 1.1. The key ingredient of the proof is the following purely graph-theoretic result.

Theorem 1.2. For every v > 0, the following holds for every sufficiently large d. Let G be a graph of
average degree d and assume that |\,| < dY. Then G contains a clique of size at least di=00),

The first idea is to embed A into the group Z/nZ for a sufficiently large prime n and to consider
the Cayley graph I' = Cay(Z/nZ,A U —A). It is well-known that the eigenvalues of Cayley graphs
correspond to the Fourier coefficients of the generating set, and thus the smallest eigenvalue A, satisfies
A = Y wcau_aexp(2miak/n) = 23", cos(2mak/n) for some k € [n]. Hence, 1A, > min, f(z). In
other words, unless the minimum of f(x) is very negative, |\,| is small. But then we can use Theorem
1.2 to conclude that G contains very large cliques. However, the transitive symmetry of the Cayley graph
does not allow such large cliques, without violating the property of having small |\,|.

We conclude the discussion of Chowla’s cosine problem by remarking some other interesting questions
about cosine polynomials. For example, the problem of estimating the number of zeros of such polynomials
have also attracted lots of attention recently. Namely, an old problem of Littlewood [59] asks study
the minimum number of zeros of the function f(z) = > 1, cos(a;x) in the interval [0,27]. Although
Littlewood guessed that this number should always be linear in n, Borwein, Erdélyi, Ferguson and
Lockhart [15] showed that the there are integers ay, ... ,a, such that f(zx) has at most n%/¢ zeros. This
result was later improved to (nlogn)%/® by Juskevicius and Sahasrabudhe [49] and, independently, by
Konyagin [54]. A complementary bound has been proven by Sahasrabudhe [69] and Erdélyi [33, 34],
who showed that f(x) always has at least (logloglogn)'/2~¢ roots, and this was later improved to
(loglogn)'=°M) by Bedert [13].

In the Appendix, we discuss further extensions of Chowla’s problem in arbitrary finite groups. The
proof of Theorem 1.1 is presented in Section 3, and the proof of Theorem 1.2 is presented in Section 12.

1.2 Maximum Cut

Given a graph G, a cut in G is a partition (U, V) of the vertex set together with all the edges having
exactly one endpoint in both parts. The size of the cut is the number of its edges. The MazCut of G
is the maximum size of a cut, denoted by mc(G). The MaxCut is among one the most studied graph
parameters, lying at the intersection of theoretical computer science [32, 40, 51], extremal combinatorics
[2, 3, 30, 35| and probabilistic graph theory [23, 22, 27|. In theoretical computer science, one is usually
interested in approximating the size of the MaxCut efficiently, and in extremal combinatorics the goal
is often to establish good bounds on the MaxCut depending on various graph parameters, such as the
number of edges or vertices of the graph.

A simple probabilistic argument shows that every graph with m edges has a cut of size at least m/2.
Indeed, a random cut, chosen from the uniform distribution on all cuts, has size m/2 in expectation. The
constant 1/2 cannot be improved in general, and therefore when measuring the size of the MaxCut in G,
it is often more natural to talk about the surplus of G, which is defined as surp(G) = mc(G) —m/2. The



trivial bound can be improved, a fundamental result of Edwards [30, 31| shows that any graph G with
m edges has mc(G) > 3 + 7ngg+171 or, equivalently, that surp(G) > 7Vsm8M
is a clique on an odd number of vertices.

In general, if G is a disjoint union of constantly many cliques, then the MaxCut of G is of size
m/2 4+ O(y/m). This raises the following natural question.

, which is sharp when G

Can this bound be improved if G is far from a disjoint union of cliques?

One way to ensure that a graph is far from a disjoint union of cliques is to assume that it does
not contain some fixed graph H as a subgraph. The study of the size of the MaxCut, and in turn the
surplus, in such graphs was initiated by Erdés and Lovasz in the 1970’s (see [35]). One of the first major
results in the area is due to Alon [2], who proved that if a graph G has m edges and no triangles, then
surp(G) = Q(m*®), and this bound is tight. There are two natural ways to generalize this result - one is
to study graphs without short cycles and the other is to study graphs avoiding K, the complete graph
on r vertices.

The surplus in graphs without short cycles, studied in [3, 6, 10, 39], proved to be the easier of these
two problems, and [10, 39| achieve tight bounds for this problem. On the other hand, finding the size
of the minimum surplus in K,-free graphs seems to be much more difficult. Alon, Bollobas, Krivelevich,
and Sudakov [6] proved that for every r, there exists €, > 0 such that every K,-free graph has surplus
at least m!/?*%r. This was improved by Carlson, Kolla, Li, Mani, Sudakov, and Trevisan [18], and then

Glock, Janzer, and Sudakov [39] established surp(G) > mEt T,

However, these results seem to be far from the truth, since Alon, Bollobés, Krivelevich and Sudakov
conjectured in [3] that the answer should be surp(G) > m?/*ter for some &, > 0. This conjecture is still
wide open, and, in fact, for a long time, it was a tantalizing open problem to find any absolute constant
e > 0 (independent of ), such that every K,-free graph has surplus Qr(ml/ 2+€). Glock, Janzer and
Sudakov [39] write “Arguably, the main open problem is to decide whether there exists a positive absolute
constant € such that any K,-free graph with m edges has surplus Qr(ml/ 2+€).7 Our next main result not
only proves this, but shows that we can achieve such a large surplus by forbidding extremely large cliques
as well.

Theorem 1.3. For every § > 0 there exists € > 0 such that the following holds for every sufficiently
large m. Let G be a graph with m edges such that G contains no clique of size m*2=%. Then G has a
cut of size at least %5 + ml/2te,

In the very extreme case, Balla, Hambardzumyan, and Tomon [9] recently showed that graphs with
clique number o(y/m) already have surplus w(m!/?). Despite the similarity between this result and the
previous theorem, there is no implication between the two due to the hidden dependencies. The methods
achieving these results are also very different, despite both being algebraic in nature.

Coming back to the motivating question of whether graphs with small surplus must necessarily look
like unions of cliques, we also prove the following stability result.

Theorem 1.4. There exists € > 0 such that the following holds for every sufficiently large n. If G is an
n-vertex m-edge graph with no cut of size larger than 5 +nl'te, then G is n=°-close to the disjoint union
of cliques.

There is a close relationship between the MaxCut of a graph G and its smallest eigenvalue. It is
well known that surp(G) < |Ap|n (see e.g. Claim 5.1 for a short proof). For many algebraically defined
graph families, we also have surp(G) = ©(|\,|n), but in general these quantities can be far apart. A
good way to think about the surplus as a robust version of the smallest eigenvalue: in many natural
cases surp(G) = O(|\,|n), but surp(G) is much less sensitive to local modifications. Therefore, it is not
unexpected that we obtain similar results as in the smallest eigenvalue case, as we present in the next
section.

The proof of Theorem 1.3 is presented in Section 12, and the proof of Theorem 1.4 in Section 13.2.



1.3 Smallest eigenvalue

A central topic of spectral graph theory is understanding the structure of graphs, whose adjacency matrix
has large smallest eigenvalue. Let G be an n-vertex graph and let \,, denote the smallest eigenvalue of its
adjacency matrix. A simple consequence of the Cauchy-interlacing theorem is that if G is non-empty, then
An < —1 with equality if and only if G is the disjoint union of cliques. In the 1970’s, Cameron, Goethels,
Seidel, and Shult [17] gave a complete characterization of graphs satisfying |A,| < 2, which are exactly
generalized line graphs and some sporadic examples with at most 36 vertices. More recently, Koolen, Yang
and Yang [58] obtained a partial characterization in the case |A,| < 3 by integral lattices. Beyond these
specific values, much less is known. Kim, Koolen, and Yang [52] proved the following structure theorem
for regular graphs satisfying |[A,,| < A. One can find dense induced subgraphs @1, ..., Q. in G such that
each vertex lies in at most A of Q1,...,Q., and almost all edges are covered by the union of Q1, ..., Q..
However, the proof of this is based on certain forbidden subgraph characterizations and Ramsey theoretic
arguments, and the results are no longer meaningful if A\ grows faster than polylogarithmic in n. For
highly structured graphs, such as strongly regular graphs (SRG), it is known [57] that if |\, | is at most a
small polynomial of the average degree, then the graph belongs to one of two special families. However,
these results rely on the highly structured nature of SRGs. We refer the interested reader to the survey
of Koolen, Cao, and Yang [56] for a general overview of the topic.

The smallest eigenvalue of the adjacency matrix also has theoretical importance. The celebrated
Hoffman bound (see e.g. [43]) states that it controls the independence number of the graph. In particular,
if G is an n-vertex d-regular graph, then a(G) < \;L)I\i‘d
second largest eigenvalue A9 determines the expansion and mixing properties of the graph [4], and as we
will discuss later, A\, controls the maximum cut.

Many of these results show that the property of having small |\,| and the existence of large trivial
substructures, such as cliques, are interconnected. However, such results were previously only known
when |\,| is bounded by a constant, or growing very slowly with n. We prove that this phenomenon
already starts to appear when |\,| < nt/4=o() "and we show that graphs with smallest eigenvalue below
this threshold converge to a trivial structure: a disjoint union of cliques. The exponent 1/4 is also sharp,
a celebrated construction of de Caen [26] related to equiangular lines provides a graph with smallest
cigenvalue |\,| = ©(n'/*) which is far from the disjoint union of cliques. We say that an n-vertex graph
G is p-close to some family of graphs F if the edit distance of G to some member of F is at most pn?.

Furthermore, the maximum of |\,| and the

Theorem 1.5. Let £,5 > 0, then the following holds for every sufficiently large n. Let G be an n-vertex
graph such that |\,| < nY/4=¢. Then G is 6-close to the disjoint union of cliques.

The previous theorem only ensures o(1)-closeness in case |A,| < nl/4=°(1) " However, by requiring a
slightly stronger upper bound on |\, |, we can also establish polynomial proximity to a disjoint union of
cliques.

Theorem 1.6. Let € > 0, then there exists a > 0 such that the following holds for every sufficiently
large n. Let G be an n-vertex graph such that |A,| < nY/%=¢. Then G is n=%-close to the disjoint union
of cliques.

While these results give strong structural results about somewhat dense graphs with small |A,|, they
are no longer meaningful for sparse graphs G. On the other hand, it is not possible to formulate any
reasonable extension of the previous theorems for sparse graphs, as the following example shows. The
line graph of a graph always satisfies that |A,| < 2, but the line graph of the complete graph K has
m = O(s3) edges and it is not possible to add/remove o(m) edges to get a disjoint union of cliques.

Despite this, we recall that Theorem 1.2 shows that large cliques, with size comparable to the average
degree, do emerge in graphs of any sparsity and small |\, |. This suggests that such graphs might be close
to the blow-up of much smaller graphs, and shows that trivial structures start to appear at any sparsity,
assuming |\, | is sufficiently small.



We prove Theorem 1.5 in Section 9, Theorem 1.6 in Section 13.1.

1.4 Alon—Boppana theorem

The Alon-Boppana theorem [63] is a cornerstone result of spectral graph theory. It states that if G is an
n-vertex d-regular graph, then the second largest eigenvalue A9 of the adjacency matrix is at least

A2 >2vVd—1—o0,(1).

This result is often misquoted, with the o,(1) term forgotten or not understood properly. In its precise

formulation, the Alon-Boppana theorem states that if D is the diameter of G, then Ay > 24/d — 1— 2L 5 ‘Zj.

In particular, if D — co, which is satisfied in case d = n°!) | one gets the former lower bound. For fixed d,
families of graphs satisfying max{|\,|, A2} < 2v/d — 1 are called Ramanujan graphs, and their existence is
known for many different values of d [47|. A breakthrough of Friedman [38] shows that random d-regular
graphs are close to being Ramanujan. Since the spectral gap d — Ao controls the expansion properties
of the graphs, the Ramanujan graphs are optimal expanders. For this reason, such graphs are of great
interest in the design of resilient networks, with countless further applications in theoretical computer
science and extremal combinatorics.

In the case where the diameter D is at most three, which can already happen if d ~ n'/3, the
Alon-Boppana bound is no longer meaningful. Also, one cannot hope for the bound Ay = Q(\/&) to hold
unconditionally; for example the complete bipartite graph has Ao = 0. Recently, a number of authors
[8, 11, 48, 64| studied the second eigenvalue in the case of denser graphs, and uncovered some highly
unexpected behavior of its extremal value. In particular, [64] (see also [11] for a short note) proved
that Ay = Q(d'/?) continues to hold for d < n?/3, however, Ay = Q(n/d) for d € [n?/3,n3/4], and this
is (essentially) sharp by an old strongly regular graph construction of Metz (see [75]). Moreover, for
d € [n®*,(1/2 —€)n], we have Ay > Q.(d"/?), which is also sharp for d = Q(n) by recent constructions of
Davis, Huczynska, Johnson, and Polhill [25]. As we observed earlier, if d = n/2, we might have Ao = 0
by the complete bipartite graph. In general, when d = (1 — 1/7)n for some positive integer r, then the
Turdn graph T,(n), the complete r-partite graph with parts of size n/r, is d-regular and satisfies Ay = 0.

However, what happens when d is not of the form (1 —1/r)n, or G is far from a Turan graph? The
methods of [64] and related papers no longer apply when d > n/2, and there are no obvious further
obstructions for having large second eigenvalue. In [64], it was conjectured that the answer to the second
question is Q(n!/*), which is then sharp by the equiangular lines construction of de Caen [26]. Considering
complements, Theorem 1.5 immediately implies an almost complete solution of this conjecture. If G is a
regular graph with second eigenvalue A2, then the complement of G has smallest eigenvalue —Ay — 1.

Theorem 1.7. Let £, > 0, then the following holds for every sufficiently large n. Let G be an n-vertex
d-reqular graph such that Ay < n'/*=¢. Then G is 6-close to a Turdn graph. Thus, if Ao < n*/*=¢, then

de{l—l:r€Z+}+[—(5,5].
n r

1.5 Bisection width

The bisection width of a graph is defined as the minimum number of edges crossing a balanced partition
of the vertex set, and it is denoted by bw(G). As a natural dual to the maximum cut, this parameter
is also of central interest in theoretical computer science [45, 46, 50|, probabilistic [12, 28, 27, 29| and
extremal graph theory [1, 64, 66].

It is convenient to measure the bisection width via the deficit, which is defined as

dfe(G) = e(G) G + in_ 5

) — bw(G).



By the uniform random balanced cut, the deficit is always non-negative, and if GG is a regular graph that
is neither empty nor complete, then dfc(G) = Q(n), see e.g. [64]. This is optimal if G is a Turan graph.

A classic result of Alon [1] states that if G is d-regular, and d = O(n'/?), then dfc(G) = Q(Vdn),
which is optimal for random d-regular graphs. Recently, Réty, Sudakov, and Tomon [64] greatly extended
this bound by showing that

Q(Vdn)  if d < n?3,
dfc(G) = Q(n?/d)  if d € [n¥/3,n*/?],
Q(dY*n) ifd e [n*?,(1/2 — )n).

These results are sharp for d € [1,73/4], and there are d-regular graphs for d ~ n/3 with deficit O(n*/?).
For d = n(1 — 1/r), where r is a positive integer, the Turan graph 7,(n) shows that we cannot hope
for a bound better than Q(n). Réty, Sudakov, and Tomon [64] conjectured that Turan graphs are the
only obstruction to large deficit. Using the terminology of positive discrepancy, they conjectured that if
dfc(G) = o(n®*), then G is o(1)-close to a Turan graph. We prove that this conjecture holds qualitatively,
by establishing the bisection width analogue of our MaxCut result (Theorem 1.4).

Theorem 1.8. There exists € > 0 such that the following holds for every sufficiently large n. Let G be

an n-vertex d-reqular graph. If the bisection width of G is more than ”{T” —n'*e, then G is n=°-close to
a Turdn graph. Thus, if dfc(G) < n'*e, then

d 1
— € {1— —:re Z+} + [-n"%,nf].
n r

The proof of Theorem 1.8 is presented in Section 13.2.

2 Proof overview

First, we outline the proof of Theorem 1.5, that is, that if a graph G has smallest eigenvalue |\, | < nl/d—¢
then G is d-close to a disjoint union of cliques. Let A be the adjacency matrix of G. We study the identity
A = Ao A from a spectral perspective, where o denotes the Hadamard product (see Section 4 for formal
definitions). Writing A =>"" )\ivivf for the spectral decomposition, we get that

n

Zn:/\wwf = Zi&;)\j(vi o ;) (v; o vj)". (1)
i=1

i=1 j=1

But how to use this identity? An instructive case is when G is a Cayley graph on some finite abelian group
(T',+). In this case, (1) reduces to a clean convolution relation: Ay =13, XA, for all @ € I'. Here,
the eigenvalues are re-indexed by the group elements, and the identity follows from special properties
of the characters of the group, which are also the eigenvectors of G. See Brouwer and Haemers [16] for
further details. We can almost ignore the negative terms in the sum since the smallest eigenvalue is
bounded. Hence, this convolution relation basically tells that large eigenvalues reinforce each other, i.e.
if \p, A\e > T, then Ay > T?/n. This motivates the definition Sy = Z/\Z_>T A, the spectral weight above
threshold 7. Summing over all A\, > T and \. > T, the above observation essentially gives that

1 1
Srem= Y. A2 - > MAe = ﬁs%.
Aa>T2/n Apy A>T

Surprisingly, this does generalize to arbitrary graphs to give the curious recursive inequality on the sum
of large eigenvalues: for all T' > 2|\, |\/n,

4n5%2 > 52, (2)

7



We achieve this by compressing both sides of (1) to the subspace W spanned by the vectors v; o v; where
Ai, Aj > T see Section 6.1 for a detailed argument. In terms of the quadratic sum of the eigenvalues,
this implies that most contribution comes from large eigenvalues; we show this in Section 6.3. But this
means that A is close to a low-rank positive semidefinite matrix in the Frobenius norm, which is only
possible if G is close to a disjoint union of cliques. We prove this in Section 9.

Now we discuss the proof of Theorem 1.6, which requires a lot more work. Recall that this theorem
states that if a graph G has smallest eigenvalue |\,| < n'/67¢, then G is n~®-close to a disjoint union of
cliques. The bottleneck in the previous argument is the last part, it requires that the rank of the low-rank
approximation of A is at most constant, in which case we can establish o(1)-closeness to a disjoint union
of cliques. In order to overcome this, we first aim to show that either G is already sparse (in which
case G is n~%-close to the empty graph), or G contains very large cliques. If we are able to do this,
then we repeatedly pull out large cliques, which gives enough structure to easily conclude the desired
result. In order to find our large cliques, we go through 4 phases of densification, i.e. we find denser and
denser subgraphs of G. We keep in mind that the Cauchy interlacing theorem ensures that the induced
subgraphs of G also have large smallest eigenvalue. In what follows, we use ¢ to denote a small positive
constant depending only on € and «, and different occurrences of ¢ might denote different quantities.

Phase 1. We show that GG contains an unusually high number of triangles. We count triangles by the
cubic sum of eigenvalues, and we argue that this sum is large because most of the mass of the
quadratic sum of eigenvalues is concentrated on the few largest eigenvalues. Having many triangles
means that we can find a vertex whose neighbourhood is much denser than G. We repeat this
process until we find a subgraph G on n'~¢ vertices of positive constant density. This phase of
the argument requires |\,| < n'/6=¢. This can be found in Section 8.

Phase 2. In Theorem 1.5, we already established that G; is o(1)-close to a disjoint union of cliques.
Therefore, if G; has positive constant edge density, this implies that G; contains a linear size
subgraph G of edge density 1 — o(1). This can be found in Section 9.

Phase 3. For very dense graph, we employ a new method, inspired by the works of [64]. Let G be an
n-vertex graph of density 1 — p, with 107 > p > n~1/2, and |An| < nt/6=0() " We consider the
matrix

B =A— \vo] + |\,

and we study the triple Hadamard product B o B o B. The matrix B is positive semidefinite,
so the Schur product theorem ensures that B o B o B is also positive semidefinite. But then
2T (Bo Bo B)x > 0 for every vector z. We choose z to be the characteristic vector of a carefully
chosen, linear sized set U C V(G), and argue that the previous inequality can be only satisfied
if the density of G[U] is at least 1 — O(p?). Therefore, repeating this argument on Go, we get a
rapid density increment until we reach a graph Gs of edge density 1 — n~1/2. This can be found in
Section 10.

Phase 4. Above edge density 1 —n~1/2, we may consider simple identities involving the eigenvalues. Let
G be a graph of edge density at least 1 — n~/2 and [An] < n'/6  and consider the four identities

A(G) > M\, ZH:AZ- =0, zn:Af = 2¢(@), ZH:A;? > 0.
=1 =1 =1

We find an almost regular subgraph G4 of G5, and use simple algebraic manipulations to argue
that the expressions above can be only satisfied if G4 has density at least 1 —n~17¢. At this point,
we simply apply Turan’s theorem to find a clique of size n'~¢. This can be found in Sections 11
and 12.



Next, we discuss Theorem 1.2, which states that any graph with average degree d and smallest
eigenvalue |A,| < d7 contains a clique of size d=OM . In order to prove this, we introduce a phase 0
of the densification process, which immediately lets us move to density at least n™¢, assuming |\,| is
sufficiently small with respect to the average degree. Then, we apply the previous four densification steps
to conclude the proof.

Phase 0. Let G be a graph of average degree d, then we show that G contains a subgraph on d vertices
of edge density Q(1/|\,|). This follows by picking a vertex z with a set of d neighbours S, and
then analyzing v’ Av for an appropriately chosen v with support {z} U S. This can be found in
Section 7.

In order to prove our results concerning graphs with small maximum cut, that is, Theorems 1.3 and
1.4, we follow the same steps. In Section 5, we present a toolkit that gives various lower bounds on the
MaxCut based on the negative eigenvalues of the graph. With the help of these, instead of having a
bound on |A,|, we can bound the sum, quadratic sum, and cubic sum of the negative eigenvalues. This
allows us to transfer most of the machinery developed for graphs with bounded smallest eigenvalue to
graphs with bounded MaxCut, but with the cost of incurring some losses quantitatively.

3 Chowla’s cosine problem

In this section, we give a short self-contained proof of Theorem 1.1, assuming Theorem 1.2. We begin
the section by recalling some standard notation. Let G be a finite group, A C G be a symmetric subset
(i.e. a set satisfying A = A~!), and let I' = Cay(G, A). Recall that Cay(G, A) is the Cayley graph on G
generated by A, that is, the graph on vertex set G in which x,y € G are joined by an edge if zy~! € A.
In case G is abelian, we use + to denote the group operation. In this case, it is well known that the
eigenvalues of GG are the values of the discrete Fourier transform ]/1,\4. In the special case G = Z/nZ, this
gives that the eigenvalues of the Cayley graph are

2mige 2maé

acA a€A

for € € Z/nZ. We restate Theorem 1.1 for the reader’s convenience.

Theorem 3.1. There exists an absolute constant v > 0 such that for any set A of positive integers, there
exists x € [0,27] such that

> " cos(az) < —Q(A[).

a€A

Proof. Without loss of generality, we may assume |A| is sufficiently large. Let n > 4|A| be a prime larger
than all elements of A, and let I' = Cay(Z/nZ, A U —A) be the Cayley graph with the generating set
AU —A (where —A = {—a : a € A}). Then T is an n-vertex d-regular graph with d = 2|A|. Each
& € Z/nZ corresponds to an eigenvalue of I' given by

Ae = Z eZmiag/n — 9 Z COS <27;a£>

acAU—A acA

2mg

for some & € Z/nZ. Hence, if we denote by A, the smallest eigenvalue of I', there exists z = such

that

1
Z cos(ax) = 5)\”

a€A



Thus, our aim is to show that |A\,| > d7, for an absolute constant v > 0, since this implies that
Y geacos(ar) < —d¥ < —Q(|A]7), as needed. Assume, for the sake of contradiction, that |A\,| < d7.
We use Theorem 1.2 to find a clique S of size |S| = d'=¢7 for some absolute constant ¢, assuming d is
sufficiently large with respect to v. We now argue that I' cannot contain such large cliques.

Claim 3.2. There exists a non-zero t € Z/nZ such that |(t + S) N S| > |S|(|S| —1)/d.

Proof. As S is a clique in I, we have S — S € AU —-AU{0}. By a simple averaging argument, there

exists t € AU —A such that s — s’ =t for at least ‘S‘gﬂ‘fl) = |S|(|§|71) pairs (s,s’) € S x S. Hence, for

at least |S|(]S| —1)/d values of s € S we have s+t € S, and therefore |(t 4+ 5)NS| > |S|(|S|—1)/d. O

For a positive integer k, let Hj, is the graph that is formed by a clique of size 2k, and an additional
vertex connected to half of the vertices of the clique.

Claim 3.3. The smallest eigenvalue p of Hy satisfies p < —+/k/2.

Proof. Let X UY be the partition of C, where X is the neighbourhood of xg. Let B be the adjacency
matrix of Hy, and let v € RY%) be the vector defined as v(zg) = 1/v/2, v(y) = —ﬁ if y € X, and

=
v(y) = % if y €Y. Then [|v]|]2 =1 and

NG
k 1 1 | k
4. ._2.2.:_\/7_ _\/7
<2> 4k K 4k 2 2< 2’

where the first term is the contribution of the edges xoy, y € X, the second term is the contribution of

edges yy' with v,y € X or y,3y/ € Y, and the third term is the contribution of edges yy’ with y € X and
/

y evy. ]

v By = 2 bz v(a)v(b):Qk-\}?(—
a EE(H;C)

L) +
2vk

By Claim 3.3, the smallest eigenvalue u of Hj satisfies pu < —%\/@ Therefore, by the Cauchy
interlacing theorem, I' does not contain Hj, as an induced subgraph for k& = 4d®Y. As |S| > 2k, each
vertex of I' sends either at most k edges to S, or at least |S| — k edges. We prove that every vertex in T
must send at least |S| — k edges to S. This easily leads to a contradiction for n sufficiently large: this
implies that there are at least (n—|S|)(|S|—k) > %@ > d|S| edges with an endpoint in S, contradicting
that I' is d-regular.

Claim 3.4. Every v € V(I') sends at least |S| — k edges to S.

Proof. We prove by induction on ¢ that every vertex of ¢t + S sends at least |S| — k edges to S. As every
vertex v € V(I') is contained in some ¢t + S, this finishes the proof. The base case ¢ = 0 is trivial, so
let £ > 1. By our induction hypothesis and translation invariance, every vertex v € £t + S sends at least
|S| — k edges to t +.S. But then v sends at least

1SN (t+8)| —k=Q(S]*/d) — k = Qd' 7)) — 4d* > 4d*7 = k

edges to SN (t+ 5), and in particular, more than k edges to S. Here the last inequality holds if we take

v = ﬁ and |A| sufficiently large. Therefore, as I' contains no induced copy of Hy, v must send at least

|S| — k edges to S, and we are done. O
0l
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4 Preliminaries

We recall some basic facts and standard notation from linear algebra and graph theory. The edge density
of a graph G is m/(}), where m = e(G) is the number of edges. Given a subset U of the vertices, G[U]
denotes the subgraph of G induced on vertex set U. Also, if V' C V(G) is disjoint form U, then G[U, V|
is the bipartite subgraph of V(G) induced between U and V. The complement of G is denoted by G.
The mazimum degree of G is denoted by A(G), and the average degree by d(G). If G has n vertices, we
will often identify the set of vertices of G with [n].

The MazCut of G, denoted by mc(G), is the maximum size of a cut, where a cut is a partition (U, V)
of the vertices into two parts, with all the edges having exactly one endpoint in both parts. The size of
a cut is the number of its edges. The surplus of G is defined as surp(G) = mc(G) —m/2, where m is the
number of edges of G. Note that surp(G) is always nonnegative. A useful property of the surplus is that
if Go is an induced subgraph of G, then surp(Gp) < surp(G), see e.g. [39].

Given an n x n real symmetric matrix M, we denote by A\ (M) > --- > A\, (M) the eigenvalues of M
with multiplicity. As we will see, the surplus of G is controlled by the negative eigenvalues of the graph.
If G is an n-vertex graph whose adjacency matrix is A, then we denote by A\; = A\;(A) the eigenvalues
of A, sometimes also calling them the eigenvalues of G. We also denote by vy, ..., v, a corresponding
orthonormal basis of eigenvectors. By the Perron—Frobenius theorem, we may take v; to be a vector
with non-negative entries, which we call the principal eigenvector of A. Furthermore, the corresponding
eigenvalue satisfies A\; > d(G). See the survey [24] as a general reference on the principal eigenvector.

Given two n X n matrices A and B, their scalar product is defined as

(A,B)=tr(ABT)= ) A;;Bi;.
1<i,5<n

The Frobenius-norm of an n X n matrix A is

1AI[E = (4, 4) Z A

3,j=1

If A is symmetric with eigenvalues A1, ..., \,, then we also have
A% = (A4, A) = tr(A?) = Zv.

The Hadamard product (also known as entry-wise product) of A and B is the n x n matrix Ao B
defined as (A o B); j = A; jB; j. We denote the k-term Hadamard product Ao --- o0 A by A°k A useful
feature of the Hadamard product, which is a key component of our arguments, is that it preserves positive
semidefiniteness.

Theorem 4.1 (Schur product theorem). If A and B are positive semidefinite matrices, then Ao B is
also positive semidefinite.

We also exploit the simple observation that if A is an adjacency matrix, then A = A o A. Another
useful identity involving the Hadamard product is that if z, y, u, v are vectors, then

(zyT) o (uv?) = (zou)(yov)T.

We also use the Hadamard product for vectors: for u,v € R™, their Hadamard product vector uov € R”
is defined by (uov)(i) := u(i)v(i) for all i € {1,...,n}.

11



5 Spectral lower bounds for the surplus

In this section, we present bounds on the MaxCut of a graph in terms of its spectrum. These inequalities
will be crucial in transferring our results for the smallest eigenvalue to the MaxCut setting.

Claim 5.1. For an n-vertex graph G with the smallest eigenvalue \,, we have surp(G) < |\,|n/4.

Proof. Let A be the adjacency matrix of G. We can assign a vector with entries +1 to each cut V(G) =
X UY, by setting z, = 1 if v € X and x, = —1 otherwise. Then, the surplus of this cut equals

F(e(X,Y)—e(X)—e(Y)) =—3 2 (v (G) Tuluoy = —1 > uwev (@) TuAuwy. Hence, we have

max -zl Ax = max -z’ Az.

1 1
surp(@) = 4 pe{-11}n 4 oe[11pm

But, we have —z7 Az < |\,|||z||? for every vector z € R”, and so surp(G) < %])\n\\/ﬁz = |An|n/4. O

The key ingredient of the above proof is the relation surp(G) = % maX;e[_1,1]n —xT Az, which can also

T is a positive-semidefinite

be written as surp(G) = %maxxe[_lvl]M—A, xxT), where we observe that rx
matrix with diagonal entries bounded by 1. As we will see, it will be very convenient to define the
semidefinite relaxation of the surplus as follows. Given an n-vertex graph G with adjacency matrix A,
define

surp”(G) = max —(A, X),
where the maximum is taken over all n x n positive semidefinite matrices X such that X;; <1 for every

i € [n]. The following inequality between surp(G) and surp*(G) can be found in [65], and it is a simple
application of the graph Grothendieck inequality of Charikar and Wirth [19].

Claim 5.2 (|65]). For every graph G, we have surp*(G) > surp(G) > Q(%).

The semidefinite relaxation surp*(G) allows us to obtain lower bounds on the surplus using the
negative eigenvalues of a graph G. Parts of the following lemma and similar bounds can be also found
in [64, 65]. Given a graph G, let

A*(Q) := min{A(G), A(G)}.

Lemma 5.3. There exists an absolute constant ¢ > 0 such that the following holds. Let G be a graph on
n vertices with eigenvalues \; = X\i(G), and let A* = A*(G). Then

(i) surp*(G) = Y |\

A <0
i c 2
(i) s (©) 2 s X
Ai<0
(ii1) surp*(G) > x I3
Ai<0

Before we prove Lemma 5.3, we briefly discuss two preliminary results. First, we show that the
entries of eigenvectors corresponding to large eigenvalues are smoothly distributed. Then, we show that
the entries of the principal eigenvector are especially well behaved.

Lemma 5.4. Let G be an n-vertex graph, and let X be an eigenvalue with normalized eigenvector v. Then

vn

< —.

12



Proof. For every b € [n], we have Av(b) = >, . v(i), where we use z ~ y to denote that z is connected
to y by an edge in G. By the inequality between the arithmetic and quadratic mean,

1 NIPE T Sou()? 1
l < = <&
22000 < < = =
where we used that 7 ; v1(i)? = 1. Hence |\|Jv(b)| < v/n. O

Lemma 5.5. Let G be an n-vertex graph, whose complement has edge density p < 1/10 and maximum
degree A = A(G). If vy is the principal eigenvector of G, then for each i € [n] we have

1—2A 1+2p+2
1228/ iy < L2 H2n
Vvn NG
Proof. Let d = d(G) = (1 —p)(n—1) be the average degree of G, and recall that A\; > d. By Lemma 5.4,

Ji_ R Jm 14 2p+2/n
Ul(b)S)TST_ T < N .

In the last inequality, we used that p < 1/10. To prove the lower bound, we first observe that

n n
1= 0i(i)* < villo Y 01(i),
=1 i=1

which implies that Y7 | vi(i) > % But then using the identity Avy = Aqjvy,

R MoV A n A 2A
Ao (b) = %vl(z) > ;vl(z) — Alor]|es > 7% —ANT = 7%(1 —Af) > 71(1 - 7),

where we used that )\% > d2 > n? /2 in the last inequality. Canceling A1 gives vy (b) > T

Proof of Lemma 5.3. We begin by showing the inequalities (i) and (%iz), which we then combine to derive
(ii). Let v1,...,v, be an orthonormal basis of eigenvectors corresponding to the eigenvalues Aj, ..., Ap;
so A =3" Nvjvl. The inequalities (4) and (#i) will be shown by plugging in the appropriate test
matrix X in the formula surp*(G) = maxx —(A, X). Observe that, if we choose X = Y"1 | ajv;vl for
some real numbers oy, ..., a,, then

(A, X> = zn: zn:ai)\j@iv;[,vjv;r) = i i Oéi)\j <Ui,1}j>2 = zn:al/\z
i=1

i=1 j=1 i=1 j=1
(i) Let X =35 <0 v;vl. Then X is positive semidefinite, and as vy, ..., v, is an orthonormal basis,
we have
n n
2 N2 2 9
Xij= Y 0l <D ul)? =Y (virej)? = lles | = 1.
Xi<0 i=1 i=1

Therefore,

surp*(G) > —(A4,X) = > [Ail.
A <0

(111) Let 8 = m, and X = ), Mov;vl'. Then X is positive semidefinite. It is enough to
prove that the diagonal entries of X are bounded by 1, as then surp*(G) > —(A, X) = 83, g I3

13



First, we consider the (easier) case A* = A(G). We observe that

-X=p Z Mool

Ai>0

is positive semidefinite, so the diagonal entries of 3A? dominate the diagonal entries of X. But (A2)i,i is
the degree of vertex 4, so (4%);; < A <1/, and the claim follows.

Next, we consider the case A* = A(G). We may assume that the edge density of G is less than 1/10,
otherwise A* = Q(n), and the previous case implies surp*(G) = Q(2) Y oni<0 A 3. To show that X;,; <1,

we analyze the matrix B = A — Alvlvl Since

BB?—X =8 > XNua],

i£0,0>0

we have that 8B? — X is positive semidefinite. Hence, (8B?);; > X;; for every i € [n]. Therefore, it is
enough to show that (B?);; < 1/8 = 100(A* + 1).
To show this we first bound the entries of B. We denote by p the density of G, and observe that

p < Agf)/ 2 — = 1 Then, Lemma 5.5 implies that for any i, € [n] we have

2

(A* +1) 1—2A%/n\? 1+2p+2/n\? 5(AF 4+ 1)
1-— < (1 — —_— <A < _ <l4 —-——-

n <( ) ) Jn wi(Hvi(j) <n NG <1+ "
Therefore, for every i,j € [n], if ij € E(G) and A;; = 1, then |B; ;| < 5(A;+1). Otherwise, we have
|Bij| <14 5(A*+1)/n < 6. From this, we have
= 25(A* +1)2
2 _ 2 * *
(B)ii = D _(Biy)? < 36A" +n="==m <100(A" +1).

j=1
(ii) We show that (i) and (i) can be combined to give the desired lower bound on surp*(G). Namely,

we have )

surp™(G)? > B [ S P ) | DIl =8 D 2

A <0 <0 Ai<0

Note that the first inequality is the combination of (i) and (%), while the second one is simply the
Cauchy-Schwartz inequality applied to the sequences (|A\;|3)x, <o and (|Ai])a,<0. Taking square roots then
proves (). O

Finally, we remark two simple, but important properties of surp*(-), that will be used repeatedly.
Claim 5.6. If G’ is an induced subgraph of G, then surp*(G’) < surp*(G).

Proof. Let A’ be the adjacency matrix of G’ and let X’ € RV(E)XV(G) be a matrix such that X7 is
positive semidefinite, X;; < 1 for every i € V(G'), and surp*(G’) = —(A’, X’). Let X € RV(G)*V(G) pe
the matrix that agrees with X’ on every entry (z,y) € V(G’) x V(G’), and zero everywhere else. Then

surp*(G) > —(A, X) = — (A", X") = surp*(G).
Claim 5.7. If G is an n-vertex graph with smallest eigenvalue A, then surp*(G) < |\,|n.

14



Proof. Let X € R™ ™ be a positive semidefinite matrix such that X;; < 1 for every i € [n]. Let
A=3T1 )\Z-v,;v;f be the spectral decomposition of A, then

(A, X) == Nifow] LX) <Y alfuin], X) = al(L, X) < Aaln.
i=1 i=1

In the first inequality, we used the fact that the scalar product of positive semidefinite matrices is
nonnegative (which follows easily by considering spectral decompositions). O

6 Main lemmas

An important component of the proofs of our main results is the notion and properties of the subspace
compression of matrices. This is a special instance of the compression of linear operators, see the book
of Halmos [44] as a general reference.

W-compression and W-trace. Let W < R" be a subspace. We denote by Il the orthogonal
projection matrix onto W. Given an n X n symmetric matrix M, the W-compression of M is the

symmetric matrix
My =y M 1Ty .

Furthermore, the W-trace of M is
try (M) := tr(My).

Clearly, tryy is a linear functional. Observe that if M = uu”, then My = (Iyu)(Ilyyu)? and thus

)

try (uu’) = |[yrul|3.

Finally, given an orthonormal basis wy,...,wg of W, the W-trace can be calculated as
d
try (M) = Z w! Muw.
i=1

From this equality, it also follows that try (/) = dim(W). We present an upper bound on the W-trace
that will be used repeatedly in our proofs.

Lemma 6.1. |try (M)| < dim(W)'2||M||F.
Proof. Let M =3, ,u,-vz-vZ-T be the spectral decomposition of M. Then

| trw (M)] =

n
Z L trW(viviT)
i=1

n 1/2 n 1/2
< <Z“?> : (ZHHW%‘@) = ||M||F dim(W)"/2,
=1 i=1

Here, the first inequality uses that ||[IIyyv;|| < 1 for every i € [n], and the second inequality is due to the
Cauchy-Schwartz inequality. O

n n
> willTwwil 3] <D fpal - [Tl
i=1 i=1

The importance of the W-compression and W-trace is that it allows us to analyze the contribution of
the top eigenvalues of a matrix, by choosing an appropriate subspace W. Given a graph G with adjacency
matrix A, eigenvalues A\; > --- > A\, and a real number T, we write

Sr(G) = > A

XN >T
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If the graph G is clear from the context, we simply write St instead of Sp(G). Furthermore, let Np =
Nr(G) denote the number of eigenvalues at least T. We will use repeatedly that

S
NTS%.

The next lemma gives a simple upper bound on the trace of the W-compression of A.

Lemma 6.2. Let G be an n-vertex graph with adjacency matriz A and let W < R™. Then for every
K >0,
try (A) < Sk + K dim(W).

Proof. We have

trw (A) =Y AillTwul3 < >0 X+ K> |[woill3 = Sk + K dim(W).
i=1 Ni>K i=1

6.1 Main lemma - least eigenvalue version

The following lemma is the heart of our argument. It shows a curious recursive relation between the
sums of the largest eigenvalues. Later, we show how to use this relation to conclude that the quadratic
sum of all but the top eigenvalues are negligible. Considering the Frobenius norm, this is equivalent to
saying that the adjacency matrix is well approximated by the top part of the spectral decomposition.

Lemma 6.3. Let G be an n-vertex graph. If T > 2|\,|\/n, then

4nSL2 > S%.

2n

Proof. The main idea is to analyze the identity

A=AocA.
Here, we further rewrite Ao A as
A= (A+|Mal) o (A4 |Aa|I) = N2T, (3)
where the advantage is that A+ |\, |I is a positive semidefinite matrix. Let v1,..., v, be an orthonormal
basis of eigenvectors corresponding to the eigenvalues A\; > --- > A,. By looking at the spectral

decompositions A = 3" Nvjol and A + |\, [T =310 (A + | An|)viv], the identity (3) is equivalent to

n n 02
> Al = <Z(Ai + \)\n|)vivl-T> = AT = (i + Ay + Aa]) (vi 0 ) (v 0 v;)T = 2T
=1

i=1 i,

We show that the desired inequality can be deduced by considering the W-traces of both sides of this
identity for an appropriately chosen W. Define W to be the subspace generated by those vectors v; o v,
where A\; and A; are both at least T". Formally,

W = (viovj: N, \j >T).
Note that
SQ
dim(W) < N2 < =L,

T2
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Let K =T?/2n. Then by Lemma 6.2, we have

S2 S2
— S0 + 2L
2 P2ty

trw(A) < Sk + Kdlm(W) < S+ K—
On the other hand
trpy (Ao A) = try (A + | Au|I) o (A4 [ M| I) — A21)
=3+ P+ Aa )l Mwvi 0 v5][3 — A2 dim(W). (4)
,J
Note that if A;, \; > T, then v; ov; € W, so Ilyyv; o vj = v; ov; and
(i + (M)A + AnD T v; 0 w513 > Aidj|fvi © ;13-

Also, each term in the sum is nonnegative, so if \; < T"or A\; < T', we simply lower bound the contribution
of (A + | A)(Aj + [Au])|w s 0 v]|5 by 0. Hence the right-hand-side of (4) can be lower bounded as

D ANl o vglf5 — X dim ().
AisA;j>T
We further lower bound this new sum as follows.

Claim 6.4.

Y Allviowlls = =F

XA =T
Proof. We have

2

Z Nidj||vi 0 vj|3 = Z i (vi 0 i, v 0 V) Z)\UZOUZ

XA >T i\ >T A>T )

Here, the right-hand-side is

S wo2) =2 (S ) =5
k=1 \\;>T A>T k=1
where the first inequality is due to the inequality between the quadratic and arithmetic mean. O

Using this claim, we thus proved that

2
try (Ao A) > St _ A2 dim(W).
n

Recalling that dim(W) < §,2 , and that the conditions of the lemma imply A2 < fé , we can further write
52 S22 82 362
— A2 dim(W) > L - =L = =T,
im(W) = n 4dn dn
In conclusion, we proved that
S2 352,
S L > try(A) = try (Ao A
2+ 5 - 2ty (A) =trw (Ao 4) =2 —-.
From this, the desired inequality follows. O
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6.2 Main lemma - MaxCut version

In this section, we present a variant of the previous lemma for graphs with small MaxCut. In order to
prove this lemma, we employ a similar strategy as in the proof of Lemma 6.3. However, instead of writing
A= (A+ |\ |12 — M|, we write A = (A+E)o(A+FE)—2AoFE — EoE, where E is the contribution
of the negative eigenvalues. Then, most of the proof comes down to showing that if the surplus is small,
then tryy (A o E) and tryy (E o E) are also small for an appropriately chosen W.

Lemma 6.5. Let G be an n-vertex graph such that surp*(G) < n'*s. Let T > Cnl=aiti for some
sufficiently large absolute constant C > 0. Then

4nSy2 > S7.
2n

Proof. Let @ = surp*(G). We again analyze the identity
A=Ao0A.

Let vy, ...,v, be an orthonormal basis of eigenvectors corresponding to the eigenvalues Ay > --- > \,.
Set F to be the "negative part” of A, that is,

E = Z |Ailviv] .
Ai<0
Then we can rewrite the previous equality as

A=(A+E)o(A+E)—24A0E—FEoFE. (5)

Using the spectral decomposition of A, this is equivalent to

n
Z )\iviviT = Z )\iviviT o Z /\iviviT —2Ao0oF —-FEoF,
=1 Ai>0 Ai>0

which can be further written as

n
Z/\i'l)z"l)iT: Z )\i/\j<’l)z‘O’Uj)(?}iovj)T—QAoE—EOE.
=1 )\’Ly)\j>0

We bound the W-traces of both sides with separate methods for an appropriate subspace W. The terms
2A o E and E o E constitute as error terms, for which we wish to show that their contribution to the
W -trace is not too large.
Let Wy be the subspace generated by those vectors v; o v;, where A; and A; are both at least 7'
Formally,
Wg = (Ui ovj: )\Z‘,)\j > T>.

The subspace Wy is almost what we want. However, when we try to bound the contribution of the error
term tryy, (E o E), large entries of E may cause trouble. In order to overcome this, we introduce a cutoff

1/4,.7/8
= QTH > 1.

Let J C [n] be the set of indices i such that E;; > 8. Note that as E is positive semidefinite, we have
max; ; | E; j| = max;; E; ;, so |E; j| < S for every i,j € [n] \ J. We can bound the size of J as follows.

Claim 6.6. |J| < Q/B.
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Proof. By Lemma 5.3, (i), we have

From this, the claim follows immediately. O

Let Y < R™ be the subspace of vectors that vanish on J, that is,
Y:={yeR":Vie Jy(i) =0}
Finally, define
W .= Hy(Wo)
Note that

2
dim(W) < dim(Wp) < N2 < S

Consider the trace of the W-compressions of both sides of (5). Let K = g—z, then using Lemma 6.2 we
can upper bound the left hand side as

s2 Sz
tri(4) < Sx + K dim(W) < Sk + K75 = Sy + 5L,

Next, we consider the first term of the right hand side of (5), and write

trw(A+E)o(A+E)= > XN\lMwvion|l3 > > Aids|Twvi o g3,
)\i»)\j>0 )\i’)\jo

Here, by definition, we have v; o v; € Wy, so Iy (v; o v;) = Iy (v; 0 v;). Thus,

[T (05 0 05)l[5 = [Ty (v 0 03)[[3 = [Jvi 0 w5113 = D (vilk)v; (k))*.

keJ
Using Lemma 5.4, the entries of v; and v; are bounded as |v;(k)|, [vj (k)| < ¥, so we get
2 2 2 o |JIn?
[MIywvi 0 w313 = [Jvi 0 w13 — > (viR)v; (k) > [[vi 0 vl 3 — g
keJ
With this bound, we get
|T|n?
bw(A+B)o(A+E)> 3 A (nwovjua M

Ai,A;j =>T

2| g lJIn® St QSin®
> | 2 Allviowll | = SET = SF - <
A\ =>T

Here, the second inequality follows by writing ZM, A>T AiAj = SZ, and the last inequality follows by
Claim 6.4, and writing |J| < Q/S.
Finally, we bound try (F o A) and tryy (E o E). First, we have

1/2
|EoAllp < [|Ellp=| Y N = 0(n'*Q'?),

Ai<0
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where the last equality follows by Lemma 5.3, (ii). Therefore, by Lemma 6.1, we have
try (A o E) = dim(W)Y2||E o A||p < O(dim(W)/2n1/2Q"/?),

Now consider try (E o E). Let £’ = Ey, then E} ; = E; ; if i,j ¢ J, and E] ; = 0 otherwise. Therefore,

1/2
|EoE|lp=EoE|lr= | EL
i,j&J
1/2
<> B  <BIE|Ir=0(n"'Q?).

i,5¢J
From this, using Lemma 6.1,
try (E o E) < dim(W)Y2||E o E||p < O(dim(W)Y/2n!/4Q1/?).
Hence, the total contribution from the error terms can be bounded as
2try (Ao B) + tryy (B o B) < O(dim(W)"/28n1/4Q!/?)
T2

In the second inequality, we upper bounded dim(W)/? by dim(W), which is quite wasteful, but it
simplifies upcoming calculations. Putting everything together, we proved that

trw(A o) A) = trw((A + E) o) (A + E)) - 2trw(A 9] E) — trw(E o) E)
L <5%5n1/4621/2> g (1 e, <6n1/4Q1/2>> |
n

= n  BT® T2 BT T2

The parameter 8 was chosen such that the two negative terms have the same order of magnitude. After

QV/4nT7/8
1 Q3/4n9/8 352
2l=—0o| =—— | > =2,
o1 <n © ( T3 =4

substituting 8 = *——, we get
Here, the last inequality holds by our assumptions that Q < n'** and T > Cnlati. In conclusion,
comparing the left-hand-side and right-hand-side of (5), we get

Sz 352,
1L > = > —=.
S;% + 5y 2 tryy (A) = try (Ao A) > n
From this, the desired inequality follows. O

6.3 Recursion

In this section, we show what information can be extracted from the recursive relationship between the
sum of top eigenvalues, that is Lemmas 6.3 and 6.5. The proof is just a simple analysis on sequences.
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Lemma 6.7. Let n,k be integers, 0 < s < q real numbers, and let \y > --- > A\ > 0. For every real
number T, define S = ZMZT Ni. Assume that Ay + -+ + X\, < n'ts, and for every T > n'~4,

2n
Then for every H < n,

Z )\ <224 164 nlts/aprl=s/a.
N<H 15

Proof. Let Ty = n'=24/2, and recursively define T}, = (2nTi,1)1/2 for i =0,1,.... Observe that

o <2n>1/2
Tiv1 T; '

The sequence Tp,T7,... is monotone increasing, and we have T7 = (2nTD)1/ 2> nl=9, so we get that

S%,., < 4nSr,

for all ¢ > 0. We prove by induction on ¢ that

omn s/q
St < 4n .
= (Ti+1>

For the base case ¢ = 0, this is true as

s s/
<Z)\ < plt (nf‘q)/quln@f) '

Now let ¢ > 0, then

s/q s/q
T < /A4S, < \/16n2 2” :4n<2”> .

Tt Tiyo

It is easy to see that lim; ,ooT; = 2n, so for every T € [Ty, n|, there exists an index i such that
T, <T <Tiy1. As St is decreasing in T', we have

on \ /1 on\ ¥/
< < < .
ST_ST’_4R<Ti+1> 4’n(T>

This inequality also holds for T' < Ty = n'=2P/2 as

s/q
ST<ST <n1+8<4n (2,17}> .

Hence, we can write

H s/a s/q
2 8.2
d A< / 28;dt < / sn (2 dt = _plts/rpi-s/a
0 t 1—s/q
N<H
In the last equality, we use that s/q < 1. Moreover, the first inequality follows as
H
d A= Z / otdt = / INtdt < / 29,dt,
N<H 0

where Ny = #{i: \; > t}. O
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7 Densification — Phase 0

In this section, we prove that every graph of average degree d and smallest eigenvalue A, contains a
subgraph on d vertices of density Q(1/|\,]).

Lemma 7.1. Let G be an n-vertex graph of average degree d with smallest eigenvalue X\, satisfying
An| < %dl/Q. Then G contains an induced subgraph on d vertices with edge density Q(1/|A,|).

Proof. Let x be a vertex with at least d neighbours, and let S be a set of exactly d neighbours of z.
Define the vector v € R™ such that v(z) =1, v(y) = %” ifyeY,and v(z) =01if 2 ¢ SU{z}. Then

)\2
vl Av = 2\, + 272 ¢(G[9).

a2
On the other hand
vl =1+ )\—% < §
- d ~ 2
Therefore, we obtain that
)‘% T T 3
2\, + Qﬁe(G[S]) =v" Av > N0t v > iz\n.
From this,
d2
GI[S]) >
“(GIS]) = i
showing that G[S] is the desired subgraph. O

8 Densification — Phase 1

Lemma 6.7, combined with earlier results, has a number of powerful consequences. First, we use it
to show that a graph with large smallest eigenvalue (or small surplus) contains a subgraph of positive
density. We prove this via the following density increment argument. We apply Lemma 6.7 to show that
the cubic sum of eigenvalues is large, which in turn coincides with six times the number of triangles. But
if a graph has too many triangles, it means that there is a vertex, whose neighborhood is dense, so we
pass to this neighborhood, and repeat. The main step of this argument is presented in the next lemma.

Lemma 8.1. Let s € (0,1/6), C > 2, and let G be a n-vertex graph with edge density p > n=1/2,
A(G) < Cpn, and smallest eigenvalue N\, satisfying |A\n| < n®. Then G has a subgraph on at least pn
vertices of edge density at least cop® for some ¢y = co(s,C) > 0.

Proof. Let m = p(g) denote the number of edges. Let Ay > --- > A\, be the eigenvalues of G, then
D Xi= D Nl < nfa,] <t
Ai>0 0<A;

By Lemma 6.3, we also have
anSr2 > S%
2n

for every T' > 2nl/2ts Qo applying Lemma 6.7 with ¢ = 1/3 > s and the sequence of positive eigenvalues,
we get that for every H < n,

E )\? < Cn1+3sH173s
0<\;<H
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for some ¢ > 1 depending only on s. Write u := 3s < 1/2, and set H := (8¢)~/(1=wpl/(0=w)p then
H < n and the right-hand-side equals pn?/8. On the other hand, we have

Z )\? < 71)\72z < plt?s < pn2/8,
A <0

SO

Z M < pn?/4.

N<H

But > A? = ||A]|% = 2m, so we conclude that

Z 22> 2m — Z M > pn?)2.

Ai>H N<H

Writing N for the number of triangles, we have

n
6N = Z)\f’ >H Z M- Z N2 > Hpn?/2 — n|\, ]2 > c’p%n?’ —plt3s
i=1 Xi>H X <0

for some constant ¢ > 0 depending only on s. Here, using that s < 1/6, u < 1/2 and p > n~1/2, we have

p ;7 2=u .
nlt3s < Spi-v n? for sufficiently large n. Hence, we get

/ 2—u

N> Spizipd,
= 12}? n
Counting triangles by vertices, we observe that there is a vertex v € V(G) whose neighborhood X
contains at least % edges. Here, note that |X| < A(G) < Cpn. Let X’ be an arbitrary min{Cpn,n}
element subset of V(G) containing X, then the edge density of G[X'] is

(1) = 20322 ~ 27’

2—u
3N/n < dpi—un? d

_u_
1—u

As u/(1 —u) =3s/(1 — 3s) < 6s, this finishes the proof. O
In the next lemma, we show how to handle the case when G has some vertices of too large degrees.

Lemma 8.2. Let C' > 2, let G be an n-vertex graph of average degree d such that surp(G) < 0.01dn.
Then either

(i) G contains a subgraph on at least n/2 vertices with average degree at least d/4, and mazimum degree
at most Cd.

(i) G contains a subgraph on at least n/C vertices of average degree at least 0.2Cd.

Proof. Let X C V(G) be the set of vertices of degree more than Cd, then |X| <n/C. Let Y = V(G)\ X.
The maximum degree of G[Y] is at most Cd, so if G[Y] has average degree at least d/4, then (i)
holds. Otherwise, there are at most nd/8 edges in G[X]. As surp(G) < 0.1dn, we have ¢(G[X,Y]) <
%" + surp(G) < 0.26dn. Hence, we must have that G[Y] has at least dn/2 — dn/8 — 0.26dn > 0.1dn
edges. Let X be an arbitrary n/C sized subset of V(G) containing X, then X has average degree at
least 0.2C'd, so G[X] satisfies the requirements. O
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Lemma 8.3. Let s € (0,1/6), ¢ € (0,1/2), then there exists p = p(s,e) > 0 and ¢; = ¢1(s,e) > 0
such that the following holds for every n > ng(s,e). Let G be an n-vertex graph with edge density p and
smallest eigenvalue N\, such that p > n= and |\,| < n®. Then G has a subgraph on at least n'=¢ vertices
with edge density at least cy.

We may choose p = ae with some decreasing function o = a(s) > 0.

Proof. Let a = é — 25 > 0, then we show that p = ae suffices. Set C :=5, s’ = lfp, then s’ < 1/6 and
65" < 1—2a. Let ¢g = ¢o(s',8C) be the constant guaranteed by Lemma 8.1. Then there exists some
c1 = c1(s',€) > 0 such that for every ¢ € (0,¢;), we have g% > ¢' 2.

We define the sequence of progressively denser induced subgraphs G = Gg D G1 D ... as follows.
Assume that Gy, is already defined on ny, vertices with edge density py. If pr > ¢1 or ng < n'™¢, we stop,
otherwise we define G 1 as follows. By Lemma 8.2 (noting that the condition surp(G) < |A,|n < 0.01pn?
is trivially satisfied), either (i) G contains a subgraph G’ on at least ny /2 vertices with average degree at
least ppni/4 and A(G") < Cpgng, or (i) G contains a subgraph G” on at least ny/C vertices of average
degree at least 0.2Cpgng.

First, consider the case if outcome (ii) happens. Then set Gy := G”, and note the ngy; > ng/C
and pry1 > 0.2C%p;, > Cpy.

Now consider the case if outcome (i) happens. Let n' = v(G’) and let p’ be the edge density of G,
then n' > ny/2, p’ > prp/4 and A(G') < Oppng, < 8Cp'n’. As ny > n'~%, we have p/ > p/4 > n=r/4 >
(n')=P/(1=2) /8 > (n')~1/2. Also, if X is the smallest eigenvalue of G’, then

V| < Al < 0® < (n/2) 070 < (n))
Hence, we can apply Lemma 8.1 to conclude that G’ contains a subgraph on at least p'n’ vertices of edge
density at least co(p’)ﬁsl. Let Gi11 be this subgraph. Then ngq > p'n’ > ppny/8 and

Pra1 > co(p)® > (pr/8) 2

Here, the last inequality holds by our assumption that py < c;.

We can unite outcomes (i) and (ii) by observing that in both cases there is some ¢ > 1 such that
Nk+1 > Ng/qr and pgrq > pkqio‘. Indeed, in case (i), we can choose g = C, and in case (ii), we choose
qr = pr- From this, it is easy to see that the sequence nzapk is monotone increasing, so we have nzapk >
n?*p. Hence, as long as py < ¢1, we have ny > n(p/ey)/?* > nlf"’/m/c}/%‘ = 711*"7/2/(;1/2CY > nle,
Let K be the last index k for which G}, is defined, so either px > ¢; or ng < n'~¢. Then the previous
argument shows that we must have px > ¢; and ng > n' ¢, so the graph G suffices. O

Next, we prove a version of the previous lemmas for small surplus. As the proofs are more or less the
same, with only some parameters changed, we only highlight the key differences.

Lemma 8.4. Let s € (0,1/60), C > 2, and let G be a n-vertex graph with edge density p > n~/3,
A(G) < Cpn, and surp*(G) < n'*s. Then G has a subgraph on at least pn vertices of edge density at
least cop®® for some ¢y = co(s, C) > 0.

Proof. By Lemma 5.3, (i), we have

S = 3 A < supt(G) <

Ai>0 0<A;

By Lemma 6.5, we also have
anSr2 > S%
2n
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for every T > anlfﬁJri. So we can apply Lemma 6.7 with ¢ = 3/80 > s and the sequence of positive
eigenvalues to get that for every H < n,

Z N < entts/api=s/a,
0<\;<H

Furthermore, by Lemma 5.3, (ii), we have

37N < O/ sup* (@) = O(n/>+).

Ai<0

Write u := s/q < 4/9, then setting H := (8¢)~/(1=wpl/(1=wp e get >on<m M < pn?/4. Thus, if N is
the number of triangles, then

2—u

n
6N = XN>H> N-> [\f=>Hp?/2-Onsup*(G)) > pivn® —n’**.
=1 Ni>H Ai<0

Here, in the second inequality, we used Lemma 5.3, (iii). The rest of the proof is identical to the proof
of Lemma 8.1. O

Lemma 8.5. Let s € (0,1/60), € € (0,1/2), then there exists p = p(s,e) > 0 and ¢; = c1(s,&) > 0 such
that the following holds for every n > ng(s,e). Let G be an n-vertex graph with edge density p such that
surp*(G) < n'** and p > n=". Then G has a subgraph on at least n'~¢ wvertices with edge density at
least ¢ .

Proof. The proof of this is almost identical to the proof of Lemma 8.3, but we use Lemma 8.4 instead of
Lemma 8.1. We omit further details. O

9 Densification — Phase 2

In this section, we prove that graphs of positive constant density and large smallest eigenvalue (or small
surplus) are o(1)-close to the disjoint union of cliques. In particular, this implies that such graphs must
contain subgraphs of density 1 — o(1). Beyond the use of the main lemmas, Lemma 6.3 and 6.5, another
key component is showing that if the adjacency matrix of a graph is close to a small rank matrix (in
Frobenius norm), then G admits an ultra-strong regularity partition. These kind of partitions are closely
related to Szemerédi’s regularity lemma, but they provide substantially stronger quantitative bounds.
Ultra-strong regularity lemmas first appeared in relation to graphs of bounded VC-dimension, see the
seminal work of Lovéasz and Szegedy [60].

A partition Vi,...,Vk of a set of size n is an equipartiton, if |V;| € {|n/K],[n/K]} for i € [K].
Given a graph G, 0 € (0,1), and two disjoint sets X,Y C V(G), the pair (X,Y) is §-empty if there are
at most 0| X||Y| edges between X and Y. Also, (X,Y) is d-full if there are at least (1 — 0)|X||Y| edges
between X and Y. Then (X,Y) is d-homogeneous if it is either J-empty or o-full.

A d-reqular partition of G is an equipartition Vi, ..., Vi of the vertex set such that all but at most
§K? of the pairs (V;, V) for 1 <i < j < K are d-homogeneous.

Lemma 9.1. For every § > 0, there exists € > 0 such that the following holds for every positive integer
r, and every n that is sufficiently large with respect to 6,r. Let G be a graph with adjacency matriz A.
Assume that there exists an n X n symmetric matriz B of rank r such that ||A — B||% < en®. Then G
has a 0-reqular partition into K parts, where 1/6 < K < Oy, 5(1).
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Proof. We show that ¢ = §2/100 suffices. Let B = Y., p;w;w! be the spectral decomposition of B.
Then

- 1/2
(Zu?) = IBllr <|[lAllr +|B — Allr < 2n,
i=1

which shows that |u;| < 2n for all i € [r]. Next, we group the coordinates of the vectors wi, ..., w, with
respect to how close they are, which then we use to form a partition of B into submatrices that are close
to constant matrices.

Let A := 10738Y/273/2 and for ¢ € Z, let

‘ B : p
Xip = {y € [n): Jet < wili) < (4 |
That is, for fixed i € [n], the sets X;, form a partition of the coordinates of w; into chunks that are
close to constant. Next, we show that most coordinates of w; are covered by O, 5(1) of these sets. Set

h = 104r2/5. As D70, w;(7)? = 1, the number of j € [n] not contained in U?:_h X is at most

n/(h*5%) < g

Let I = { ., h}". For every £ € I, let X; = Then

i€[r] zZ(i)'
6 T

UX£2n<1—8T) >n(l—4/8). (6)

lel

Thus, the sets X7 form a disjoint covering of all but at most dn/8 of the indices. Next, our goal is to
show that if /1,4y € I, then the submatrix of B induced on le X XZQ is close to a constant matrix. We
refer to the rectangles X7, x X3, as blocks. Let

. Bgr o -
V=Yg = ) M — - t(0)6).
i=1

Note that for every (j1,j2) € Xp, X Xg,, we have

2

wiliuliz) - SR0BE)| < an

which we get from the general inequality |ab — cd| < |a||b — d| + |d||a — ¢|. Therefore, we have

Bj, s -9/ < Z | i -

Observe that if X C X; and Y C X7, are such that (X,Y’) is not J-homogeneous, then

2 r 2
wiliwi() ~ SH R0 < Yl T an<s@n< @

i=1

0
JALX x Y] = BIX x Y]||f > 36 X1V

Indeed, if 75, 5, < 1/2, then A4j, j,—Bj, j, > 1/6 for every one entry A;, ;,, otherwise [4;, j,—Bj, j,| > 1/6
for every zero entry Aj, j,.

Now let K = |I|/(80), and let Vi,...,Vk be an equipartition of V(G) as follows. Let V* be the
set of elements not covered by any of the X for ¢ € 1. For each ¢ € I, choose as many of the V;
to be completely contained in X7 as possible, and then move the not covered elements of X7 to V™.
Then finally partition V*. Each X; contributes at most n/K elements to V*, so in the end we have
[V*| <én/8+|I|-(n/K) < dn/4. Therefore, at most 6K /4 sets V; are contained in V*. We show that
Vi,..., Vi is a §-regular partition.
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Assume that (V;, V;) is not 6-homogeneous. There are at most § K2 /2 such pairs where either V; C V*
or V; C V*. On the other hand, if V;,V; ¢ V*, then [|A[V; x V;] — B[V; x Vj]|[% > £|Vi[|Vj|. As
||[A — BJ||% < en?, this means that the number of such pairs is at most 36e/0K? < §K?/2. Hence, the
total number of pairs that are not J-homogeneous is at most 6 K2, as desired. O

An important feature of Lemma 9.1 that € only depends on §, and not on . To continue from this
point, we observe that if X,Y,Z are sets of size Q(n) such (X,Y) and (Y, Z) are é-full, then (X, Z)
cannot be d-empty, assuming surp*(G) is small.

Lemma 9.2. Let G be a graph on n vertices. Let X,Y,Z C V(G) be disjoint sets such that | X| = Y| =
|Z] and (X,Y) and (Y, Z) are §-full, but (Y, Z) is 6-empty. Then surp(G) > (1/4 — 39)|X]|.

Proof. Let G' = G[X UY U Z], and consider the cut (Y, X U Z) in G'. This cut has at least | X|?(2 — 2J)
edges. On the other hand, e(G’) < 3|X|? +2|X|? + 6| X|? < (£ 4 §)|X|%. Therefore,

surp(G) > surp(G’) = me(G') — e(gl) > | X[2(2 - 26) — (1 + ‘;) 1X|2 = | X2 (i - 25) .

O

A graph is the disjoint union of cliques if and only if it does not contain an induced cherry, that
is, the path of length 2. Therefore, by the Induced graph removal lemma [5], being close to the disjoint
union of cliques is equivalent to having few cherries. For the special case of cherries, one does not need
the full power of this lemma, and a simple proof of the following quantitatively stronger bound is given
by Alon and Shapira [7].

Lemma 9.3. Let G be an n-verter graph containing at most en® cherries. Then G is e°-close to the
disjoint union of cliques for some absolute constant ¢ > 0.
Furthermore, if G is 6-close to the union of cliques, then G contains at most 36n> cherries.

Proof. The first part follows from Alon and Shapira [7], so we only prove the second part. Let G be
the disjoint union of cliques that is 0-close to G. Then each cherry of G contains at least one edge or
non-edge from GAG, so we are done. O

Now we are ready to prove Theorem 1.5, which we restate here for convenience.

Theorem 9.4. Let s € (0,1/4) and 6 > 0, then the following holds for every sufficiently large n. Let G
be an n-vertex graph such that |\,| < n®. Then G is 0-close to the union of cliques.

Proof. Let §p > 0 be specified later, depending only on §. Let € be the constant guaranteed by Lemma 9.1

with respect to dg. We have
D xi= D Il < Al < nlte
A >0 Ai<0

Also, by Lemma 6.3, we have 4nSy2 > S% for every T' > nl/2ts > 2|\, |y/n. Hence, we can apply

2n
Lemma 6.7 to the sequence of positive eigenvalues with ¢ := 1/4 > s to conclude that for every H < n,
we have

Z )\22 < O(n1+4SH174S).
O<\i<H

Furthermore, » ) _ A2 < nlh)? < n3/2. so

Z )\12 < Os(n1+4sH1—4s) +n3/2.
ANi<H
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Set H = gon, where g9 > 0 is specified later. Then n!T4sH1=4s = n25(1]_45. Hence, we can choose ¢
(depending only on s and &) such that
Z M < en.

Ni<H
Let A be the adjacency matrix of G, then A has pn(n — 1) > pn?/2 one entries, and we note that
p/2 > 46 holds. Let
B = Z Nvivd

Ni>H
then
|A= Bz =Y A <en’
Ni<H

Furthermore, the rank of B is r := Ny < ?TQ? <égy 2 where in the first inequality we used that n? >
> ANSH )\22 > H?Np. Hence, we can apply Lemma 9.1 to conclude that there is a dp-regular partition
Vi,..., Vi for some K with 1/6) < K < O, 5,(1) = O 4(1).

In order to finish the proof, we count cherries. Let x,y,z be the vertices of a cherry with xy,yz €
E(G),zz ¢ E(G), and let x € V;,y € V}, 2z € V. We put this cherry into one of the following categories:

(i) 4,7, k are not all distinct,

(i) (Vi,Vj) or (Vj, Vi) or (Vi, Vi) is not dp-homogeneous,
(iii) (V3,V;) or (V}, Vi) is do-empty,
(iv) (V;, V) is o-full.

By Lemma 9.2, we cannot have that (V;, V) and (V}, V},) are do-full, but (V;, Vj) is dp-empty. Therefore,
each cherry belongs to one of the four categories. We observe that the number of cherries belonging to
each category is at most O(don?). Indeed, for (i), there are O(K?) choices for the set {i, j, k}, and then
there are at most (n/K)3 choices for z,y, z, so in total O(K?(n/K)3) = O(n3/K) = O(6yn?). For (ii),
we use the fact that there are at most 5o K2 non-dp-homogeneous pairs (V;, Vj), so the number of choices
for (V;,Vj, Vi) is at most O(6oK3). For (iii) and (iv), we observe that if we fixed (V;, V}, Vi), then there
are at most 8o(n/K)?> choices for x,y, 2. Indeed, if say (V;,V;) is dp-empty, the pair (x,y) can be chosen
from only the Jo(n/K)? edges between V; and V;.
In conclusion, the number of cherries in G is O(§on?). But then by Lemma 9.3, G is O(dg)®-close to
a disjoint union of cliques for some absolute constant ¢ > 0. We are done by setting dy > 0 sufficiently
small with respect to 4.
O

The following immediate corollary of this lemma will be used later.

Corollary 9.5. Let s € (0,1/4), p > 0 and § > 0, then the following holds for every sufficiently large
n. Let G be an n-vertex graph of edge density p such that |A\,| < n®. Then G contains a subgraph on at
least pn/2 vertices of edge density at least 1 — 4.

Proof. Let 69 = 6p?/2. By Theorem 9.4, G is dp-close to some graph H that is the disjoint union of
cliques. Let C1,...,Cy be the vertex sets of the cliques forming H, then

k k
C;
() =3 (’ , ') <>l < nmaxcil

i=1 =1

As e(H) > e(G) — on? > pn?/2, this shows that at least one of the C;’s has size at least pn/2. Without
loss of generality, |C1| > pn/2. But then G[C}] has at least (‘C;ll) — don? edges, so G[C1] has edge density
at least 1 — 259/p?> =1 — 6. O
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Next, we present the MaxCut version of the previous lemma, whose proof is almost identical. We
only highlight the key differences.

Theorem 9.6. Let s € (0,1/30), 6 > 0, then the following holds for every sufficiently large n. Let G be
an n-vertex graph such that surp*(G) < n'™s. Then G is §-close to a disjoint union of cliques.

Proof. One of the key differences comparled to the proof of Theorem 9.4 is that we use Lemma 6.5 to have
4nSr2 > SZ satisfied for every T' > n'~2iti. Then setting ¢ = 1/30, the condition s € (0,1/30) ensures

2n

that s < gand1—q¢ >1— i + %, so we can apply Lemma 6.7. Another difference is that we bound
>0, A7 using Lemma 5.3, (ii), which gives Y5y A? < O(y/nsurp*(G)) < O(n?/?+%) = o(n?). O

Finally, we deduce the immediate corollary of this theorem about finding dense subgraphs. The proof
of this is identical to the proof of Corollary 9.5, so we omit it.

Corollary 9.7. Let s € (0,1/30), p > 0 and 6 > 0, then the following holds for every sufficiently large
n. Let G be an n-vertex graph of edge density p such that surp*(G) < n'**. Then G contains a subgraph
on at least pn/2 vertices of edge density at least 1 — 9.

10 Densification — Phase 3

In this section, we prove that graphs of edge density 1 —¢ and large smallest eigenvalue (or small surplus)
must contain a subgraph of edge density 1 — n~¢" on almost the same number of vertices. The proof of
this proceeds via a density increment argument, as summarized in the following lemma.

Lemma 10.1. Let s € (0,1/3), and let n be sufficiently large with respect to s. Let G be an n-vertex
graph with edge density 1 — p, where p < 107°. Assume that |\,| < n®. Then G contains an n/2-vertex
induced subgraph of edge density at least 1 — 107p3 — O(n3s71).

Proof. Let A be the adjacency matrix of G with eigenvalues Ay > --- > A, and corresponding orthonormal
basis of eigenvectors vy,...,v,. Define B = A — )\11)111:111. The key idea of the proof is to consider the
following triple Hadamard product:

D = (B+ M) =B +3|\|BoBol+3\|?Bol+|\J°I.

As B+ |\ |I = | ApJvrol + 30 5 (N +|An|)vivd, we have that B+ |\, |1 is positive semidefinite. Therefore,
D is also positive semidefinite by the Schur product theorem. Then, using the principal eigenvector vy,
we identify a set of well-behaved vertices U, and evaluate the product 0 < ]l[T]D]lU.

We now give the details. Let U be the set of vertices ¢ € [n] that satisfy v (i) > (1 — 8p)/v/n.

Claim 10.2. |U| > n/2.

Proof. By Lemma 5.5, we have |v1(i)| < (1 4+ 2p + 2/n)/\/n for every i € [n], thus

(1+2p+2/n)? 1 —8p)?
1—Zv1 e A =

< E (|UJ(1 +8p) + (n — |U])(1 — 8p)) = (1 — 8p) + 162;|U|.

From this, we get |U| > n/2. O

We now evaluate the terms of ]IED]IU, starting with the main term ]lgBO?’]lU.

Claim 10.3. 1/,B%1y < 109|U|?p® — e(G[U]) /4.

29



Proof. We have
g, = )1 awm@uily) if i € E(G),
" —Aoi(oi(j)  if i ¢ E(G).
If 4,5 € I, then
. . 1—8p 2
1= Xvi()v(f) <1-(1-p)(n—1): Jn < 100p,

and thus A\jvy(i)v1(j) > 4. Therefore,

5By = Y (1= ui@un()* = > Quni(@n(h))® < 100%[UPp* - 2¢(G[U])/8.
i,j€ling 1,J€U k]

Claim 10.4. We have
]15(3|/\n|B oBol+3|A\,|Bol+ |>‘n|31)]1U < O(n1+35).

Proof. We have B;; = —\v;(i)? for every i € [n]. By Lemma 5.5, we have |B;;| < 2. Then the claim
follows immediately as the expression above evaluates to

> BIAalBE 4 3[Aaf* B + [\al?) < O(nfAnf).
icU

In conclusion, we proved that
0 < 15,D1y < 109U %p — e(G[U]) /4 4+ O(n'T39).

Hence, we must have e(G[U]) < 107|U|?*p3/2 + O(n'*3%), which shows that the edge density of G[U] is
at least 1 — 107p3 — O(n3*71). O

Lemma 10.5. Let 0 < s < 1/3, and let n be sufficiently large with respect to s. Let G be an n-vertex
graph with edge density at least 1 — 107>, If |\,| < n®, then G contains an induced subgraph of size
n'=°M) with edge density at least 1 — n3s—1+o(1),

Proof. Let sg be such that s < sg < 1/3, and let 1 — p be the edge density of G, p < 107°. Let Go = G,
and define the sequence of induced subgraphs Gy D G D ... with increasing density as follows. If G; is
already defined with n; vertices and edge density 1 — p;, then stop if either p; < n?50717 or n; < n®/%,
Otherwise, as n; > n®% and the smallest eigenvalue of G; is at least A, > —n® > —n;°, we can apply
Lemma 10.1 to find an induced subgraph G;11 of G; on at least n;/2 vertices of edge density at least
1—-107p} — O(n2® 1) > 1 — max{10°p}, O(n?*~1)}.

Let L be the last index 4 for which G; is defined. Then ny, > n2~%. On the other hand p;_; > n3s_°1_1,
and so for every ¢ < L — 2, we have p;11 < 108p§’. This show that

pr_1 < (103)3" 23523 (qptp)3t T < 073

Hence, we must have stopped because py, < n?so_l, which happens for some L = O(loglogn). But then
ng, > n4—Ologlogn) — p1-0o(l) \We thus get that G, is a subgraph of G of size n!=°() with edge density
at least 1 — n3s0~1+o(1) " Ag we may choose sq arbitrarily close to s, this finishes the proof. O

Now we establish the MaxCut version of Lemma 10.1. While the core idea remains the same, the
proof becomes more involved. Therefore, we give a detailed proof.

30



Lemma 10.6. Let 0 < s < 1/4 and 0 < a < min{{; — 2,1 — 22}, and let n be sufficiently large with

respect to s,c.. Let G be an n-vertex graph with edge density 1 — p, where n=% < p < 107°. Assume that
surp*(G) < n'**. Then G contains an n/4-verter induced subgraph of edge density at least 1 — 10%p3.

Proof. Let A be the adjacency matrix of G with eigenvalues Ay > --- > A\, and corresponding orthonormal
basis of eigenvectors v1,...,v,. Define B = A — \jv1v! and E = Z/\i<0 |)\i|'UiUZ'T~ Then, the matrices E
and B+ F = Z,\i>0,i¢1 )\ivw;[ are positive semidefinite.

The key idea of the proof is to consider the following triple Hadamard product:

D=(B+E)?=B?+3BoBoE+3BoEocFE+ E®,

As B+ E is positive semidefinite, so is D by the Schur product theorem. Then, using the matrix £ and
the principal eigenvector v1, we identify a set of well-behaved vertices U, and evaluate the product

0<1,D1ly =1,B*1y +1},(3BoBo E +3Bo Eo E + E*)1y.

By carefully analyzing the terms of this product, we will conclude that the graph G[U] must be much
sparser than G.
We now give the details. First, observe that

tr(E) = Z || < surp*(G) < n'ts
Ai<0

by (i) in Lemma 5.3, and

HEH%7 = Z /\12 < O(\/r—i-l) surp*(G) < O(M)an < O(n3/2+5)

Ai<0

by (i1) in Lemma 5.3. Let U be the set of vertices ¢ € [n] that satisfy E;; < 4n® and v1(i) > (1—8p)/+/n.
Claim 10.7. |U| > n/4.

Proof. Let Uy be the set of vertices i € [n] such that vy(i) > (1 — 8p)/y/n. Then using Lemma 5.5,

1= Zvl(i)2 < |UO| (1 + 2pn+ 2/n)2 n (n B |U0’)M
=1
< %(\Uo\(l +8p) + (n — |Uo|)(1 — 8p)) = (1 — 8p) + m;;ony

From this, we get |Up| > n/2. Now U is those set of vertices i € Uy that satisfy E;; < 4n®. As
tr(E;;) < n'*s, the number of vertices such that E;; > 4n® is at most n/4, giving the desired bound
|U| > n/4. O

We now evaluate the terms of ]lnglU. For the main term]lgB"?']lU, we already proved in Claim 10.3
that B
15, B%31y < 10°|U)%p® — e(G[U]) /4.

So we consider the rest of the terms.

Claim 10.8. We have

]15(33 oBoE+3BoFEoFE+ E°3)]1U < O(n7/4+5/2 i n3/2+25),
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Proof. We bound each summand of the error term independently. Firstly, note that every entry of B is
2
between 1 and —2, as 0 < \jv1(i)va(j) < n (%) < 2. Therefore, we have

15(3BoBoE)ly <12 Y |Eyy| <12|U[ | Y E?; < 12n||E[[p < O(n™/*+5/?).
ijeU i,jeU

Here, the second inequality holds by the inequality between the arithmetic and quadratic mean.
To bound the second summand, we again use that entries of B are bounded by 2 in absolute value,
and so
1{;(3Bo Eo E)ly <6 » | E}; <6|E|[ < O(n®?*).
1,7€U
Finally, in bounding the last term we use that E;; < n® for all i € U. In particular, since F is a positive

definite matrix, this implies that |E; ;| < n® for all 4,5 € U. So,

]15E°3]1U < Z ‘Ei,j|3 < ZH]12§|EZJ‘ . Z ‘Ei,j|2 <ns. ”EH% < O(n3/2+28).
i,5€U ’ i,jeU

The conclusion now follows by summing up the bounds obtained on each of the error terms above. O

In conclusion, we proved that
0 <13 D1y < 10°UPp* — e(G[U]) /4 + O(n™/*F/% 4 n/242%) < 107|U | — e(G[U]) /4,

where in the last inequality we used our bounds on p and s, and that n is sufficiently large. Hence, we
must have e(G[U]) < 108|U|?*p3 /2, which shows that the edge density of G[U] is at least (1 —10%p3). O
Lemma 10.9. Let 0 < s < 1/4 and 0 < o < min{; — £, — 25}, and let n be sufficiently large with
respect to s, . Let G be an n-vertex graph with edge density at least 1 — 107>, If surp*(G) < n'**, then

G contains an induced subgraph of size n*=°(1) with edge density at least 1 — n=°.

Proof. The proof of this is almost identical to the proof of Lemma 10.5, but instead on using Lemma
10.1, we use Lemma 10.6. Then, we just need to adjust the parameters s and « slightly. We skip further
details. O

11 Densification — Phase 4

In this section, we show that graphs with large smallest eigenvalue (or small surplus) of edge density
1 — n~¢ contain subgraphs of edge density 1 — n~'7¢ on almost the same number of vertices.

In order to prove this, it is more convenient to work with the complement G of G. Let \; > --- > ),
be the eigenvalues of G, and let j1 > --- > p, be the eigenvalues of G. Unfortunately, as G is not
necessarily regular, there is no simple formula to express u; in terms of A1,..., A,. However, we can use
Weyl’s inequality to establish the following interlacing property.

Lemma 11.1. Let G be an n vertex graph with eigenvalues \1 > --- > Ay, and let py > --- > py, be the
etgenvalues of the complement of G. For each i =1,2...,n— 1, we have

1+ pip1 < =Apg1—ie

Proof. Weyl’s inequality states that if X and Y are n x n symmetric matrices, and 1 < 4,57 < n and
1+ 7 <n+1, then
Aigj—1(X +Y) < N(X) + A;(Y),
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where A\ (X) > -+ > A\, (X) denote the eigenvalues of a matrix X. Let A be the adjacency matrix of
G, and let B be the adjacency matrix of G. Then B=J —I — A. Let X = —A and Y = J — I, then
Ai(X) = —Mg1—i, MY)=n—1, \y(X) =—-1fori=2,...,n, and \;(X +Y) = u;. Hence, applying
the above inequality with j = 2, we get

Mit1 < —Apgp1— — L.
O

The next lemma provides a bound on the surplus of very dense graphs. The result and its proof are
similar to the proof of Lemma 5.9 of Réity, Sudakov and Tomon [64] for the complementary quantity
called as positive discrepancy. Say that a graph G is C-balanced if A(G) < Cd(G).

Lemma 11.2. Let G be an n-vertex graph of density (1—p) such that the complement of G is C-balanced,
and p < 0.001C~2. Then

surp*(G) > Q (min {Cz’p’ C_1p1/2n3/2}> .

Proof. Let A be the adjacency matrix of G with eigenvalues A\; > --- > A, and let B be the adjacency
matrix of G with eigenvalues py > -+ > .

Let A be the maximum degree of G, so 1 < A < Cpn. We may assume that p > 0 and thus A > 1,
otherwise the statement is trivial. For &k = 1,2, 3, set

P, = Z pf and Nkzzmi\k.

1#1,0;,>0 i <0

Lemma 11.1 applied with ¢ > 2 shows that whenever pu; > 0 we also have A\p11-; < —p; — 1 < 0.
Combined with Lemma 5.3, this shows that

surp”(G) > Z [Ail > Z pi = P,

Ai<0 1#£1,u;>0

sup™(G) = Q [ ATV2Y NPz (A2 Y :Q(A*UZPQ),
Ai<0 i#L,pu; >0

, 1 , 1 , 1
ap (@=L S zel g 3w :gz(Apg).
Ai<0 i£1,1;>0

We show that these three inequalities together with some simple identities suffice to prove the lemma.
First, assume that Ny < %pn? Note that u? + P> + No = || B||% is twice the number of edges of G,
so pif + P» + Ny = 2p(5), from which
Py > pn?/2 — 2 — Ny > pn?/2 — C%*p*n? — pn?/8 > pn? /4,

where we have used that pC? < 1073 in the last inequality. But then surp*(G) = Q(p'/?n%/?) by the
second highlighted inequality, and we are done.
Hence, in the rest of the proof, we may assume that No > %an. By the inequality between the

quadratic and cubic mean, we have
(Z\f2>1/2 _ <.7V3>1/3
n n

which gives N3 > N&/*n=1/2 > p3/2p5/2 J64.
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Next, consider the quantity T'= N3 — P3. Observe that u3 — T = Oy ,u? is six-times the number
of triangles of G. In particular, 3 — T it is nonnegative, showing that T < p$ < A3. Assume that
N3 > 2T, then P3 > N3/2. By the third highlighted inequality, we then have

surp*(G) > Q2 (12’) >Q (JX)’) > Q(C /2032,

Hence, we are done in this case as well.
Finally, assume that N3 < 2T, then A3 > T > N3/2. By the Cauchy-Schwartz inequality applied to
the sequences (|1]) ;<0 and (|pi|) <0, we have the inequality Ny N3 > N3, which gives

2 2,4
Ny >N, P
N3 = 128A3 = 128C%p
But 0 = tr(B) = pu1+ Py — Ny, from which P, = Ny —p; > mng%_A > 500”70%. Hence, as surp*(G) > P,

we are done. O

Next, we present a simple technical lemma which shows that every graph contains a large induced
O(logn)-balanced graph.
Lemma 11.3. Let G be an n-vertex graph of edge density p, and let C > 4logon. Then G contains a
C-balanced induced subgraph on at least (1 — 2log, n/C)n vertices of edge density at most p.

Proof. Let d = d(G) be the average degree of G. We perform an inductive process, where in each step
we delete the vertices of high degree. More precisely, let Gg = G, and define the sequence of induced
subgraphs Gy D G1 D ... as follows. Having already defined G;, we denote its number of vertices by n;
and its average degree by d;. To define G;1, remove from G; all vertices of degree at least C'd;/2, if any
such vertices exist. The process halts once either all vertices of G; have degree less than Cd;/2, or the
average degree of G; is at least d;—1/2. Let I be the last index 4 for which G is defined.

For each i, it is not hard to verify that the density of G; is smaller than the density of G;_1. Moreover,
since the average degree of G; is d;, there are at most 2n;/C' vertices of degree larger than Cd;/2 in Gj,
so v(Gi) > v(Gi—1) — 2n;/C > v(Gi—1) — 2n/C. Thus, we have v(G;) > n(1 —2i/C) foralli=1,...,1.
Furthermore, if the process did not halt at index i, we have d; < d;_1/2, and so d; < d2~*. This shows
that I <logyn and n; > n(1 —2logyn/C).

Finally, note that Gt has no vertices of degree more than C'd(Gy). Indeed, if the process has halted
because Gy contains no vertices of C'dy/2, this is immediate, and if the process has halted because
dr > dy—1/2, then Gy contains no vertex of degree more than Cdy_1/2 < Cd;. Hence, Gy is a C-balanced
induced subgraph of G on at least (1 — 2log, /C)n vertices. O

Now we are ready to prove the main result of this section. Conveniently, we do not have separate
versions for the minimum eigenvalue and the MaxCut, as our result for the latter is already optimal.

Lemma 11.4. Let 0 < € < «, then the following holds if n is sufficiently large. Let G be an n-vertex
graph of edge density at least 1 —n=. If surp*(G) < n'*e, then G contains an induced subgraph of
density at least (1 — O((logn)?n?~1)) on at least n/2 vertices.

Proof. Let 1 — p the edge density of G, and let C' = 4log, n. Applying Lemma 11.3 to the complement
of G, we find an induced subgraph Gy C G on at least n/2 vertices with edge density 1 —py > 1 —p such
that the complement of Gy is C-balanced. As py < p < 0.001C~3, we can apply Lemma 11.2 to conclude

that
surp*(Gy) = Q (min{C?pI,C_lp}ﬂnS/Q}) .
However, as pg < n~® and € < a, the inequality surp*(Go) < n'*¢ is only possible if
po < O(C*n*71) = O(n**~(logn)?).
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12 Finding large cliques

In this section, we combine our densification steps to prove that graphs with large smallest eigenvalue
(or small surplus) contain large cliques.

Theorem 12.1. Let s € (0,1/6) and 6 > 0, then there exist p > 0 such that the following holds for every
sufficiently large n. Let G be an n-vertex graph of edge density at least n=P such that |\,| < n®. Then G
contains a clique of size at least n'=259.

Furthermore, we may choose p = ad for some decreasing o = a(s) > 0.

Proof. Let ¢ = min{§/20,(1/6 — s)/5}. Applying the phase 1 densification step, that is, Lemma 8.3,
there exists p = p(s,e) > 0 and ¢; = ci(s,¢e) such that if G has edge density at least n™” and the
absolute value of the smallest eigenvalue |\,,| < n® then G contains a subgraph G on at least ny > nl—e
vertices with edge density at least ¢;. Note that Gy satisfies that if its smallest eigenvalue is A("), then
IAD| < I\, < nlts < nglﬂ)/(l*e) < ny T for sy = s+ 2¢ € (0,1/6). Furthermore, we may choose
p = ape for some oy = ap(s), which shows that we may choose o = a(s) > 0 such that p = ad.

Next, applying the phase 2 densification to G, that is, Corollary 9.5, we get that G; contains a
subgraph G2 on ny > c¢iny/2 > n'=2¢ vertices with edge density at least 1 — 107°. The smallest
cigenvalue A?) of Gy still satisfies that |A?)| < ny™2 for sy = 51 + ¢ = s + 3¢ € (0,1/6).

Apply the phase 3 densification step to Go, that is, Lemma 10.5. Then G5 contains a subgraph Gj3
of edge density 1 — ngsTHO(I) >1-— n2_1/2 on ng > né_o(l) > n!73¢ vertices. The smallest eigenvalue
AB) of Gy satisfies that [\®)| < ny™™ for s3 = 59 + & = s + 4¢ € (0,1/6).

Finally, apply the phase 4 densification step to G3, that is, Lemma 11.4. As surp*(G3) < [A®)|nz <
n§+s3 and s3 < 1/6 < 1/2, the lemma is indeed applicable. Therefore, we get a graph G4 of density
at least 1 — O((lognz)?n3™ ') > 1 —n3 1 on at least n3/2 > n'~* vertices. But then by Turan’s
theorem, G4 contains a clique of size né728375/4 > pl—4e)(1-25-9¢) » pl=2s—13c  p1-25=0 finishing the
proof. O

Here, the bound n!=25=9 is optimal up to the § error term. Indeed, the Erdés-Rényi random graph
with edge probability p = 1—n25~! has no clique of size larger that n!=25t°(1) and its smallest eigenvalue
satisfies |\,| = O(n®). Next, we use the previous theorem and Densification step 0 to prove Theorem
1.2, which we restate here.

Theorem 12.2. There exists ¢ > 0 such that the following holds for every s > 0, and every d sufficiently
large with respect to s. Let G be a graph of average degree d and assume that |A\,| < d°. Then G contains
a clique of size at least d*—°5.

Proof. Let sp = 1/12 and a = a(sp) be the constant given by Theorem 12.1. Then a(s) > «a for every
s < sg. By densification step 0, that is Lemma 7.1, G contains a subgraph Gg on d vertices of density at
least Q(1/|\n]) > Q(d™*). Set § = 2s/a, then the density of Gy is at least d~*°, so we can apply Theorem
12.1 to Gy to get a clique of size at least d' 2570 = @' =5(+2/@) g0 ¢ = min{12,2 + 2/a} suffices. O

Now we prove the MaxCut version of Theorem 12.1, and use it to deduce Theorem 1.3.

Theorem 12.3. Let s € (0,1/60) and § > 0, then there exist p > 0 such that the following holds for every
sufficiently large n. Let G be an n-vertex graph of edge density at least n=P such that surp(G) < n'*s.
Then G contains a clique of size at least n'=2579.

Proof. The proof of this is essentially identical to the proof of Theorem 12.1. The only difference is that
we cite the MaxCut versions of our main densification results: Lemma 8.5, Corollary 9.7, Lemma 10.9
and Lemma 11.4. We also use that surp*(G) < O(surp(G)logn) by Lemma 5.2. O
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Proof of Theorem 1.3. Let s = dp = min{1/100,0/10}, and let p be the constant guaranteed by Theorem
12.3 with ¢ instead of 6. We show that € = min{p/3, s/2} suffices. Let G be a graph with surp(G) <
m!/?+¢ and let n be the number of vertices of G. We may assume that G contains no isolated vertices.
Then, a result of Erdss, Gyarfas, and Kohayakawa [36] implies that surp(G) > n/6. If m < n?73¢, then
surp(G) > n/6 > %ml/(z_?’s) > ml/2+¢ contradiction. Hence, m > n?2 3¢, so the edge density of G is at
least n ¢ > n=P. As surp(G) < m!/?te < nlt2e < plts @ contains a clique of size

pl=25=00 — p1=3s > 1 (1-35)/2 5 ) 1/2-6

by Theorem 12.3. O

13 Edit distance from the union of cliques

The limitations of Theorems 9.4 and 9.6 are that they are only meaningful if the graph has large density.
Indeed, these theorems imply that a graph of large minimum eigenvalue (or small surplus) is o(1)-close
to a disjoint union of cliques, where a careful inspection of the parameters show that the o(1) term is
polylogarithmic in n. Hence, if the graph G has density at most n~¢ for any small constant ¢ > 0, they
become meaningless as G is already o(1)-close to the empty graph. However, in this section we prove that
polynomial proximity can also be establish, albeit under somewhat stronger condition on the smallest
eigenvalue or the surplus.

We start with the following simple lemma, which will be used to argue that a dense graph with small
surplus cannot induce sparse subgraphs.

Lemma 13.1. Let G be a graph on n vertices. Let X UY be a partition of V(G), and let b = e(G[X,Y])
and ¢ = e(G[Y]). Then surp(G) > % —c.

Proof. If a = e(G[X]) satisfies a < b/2, then surp(G) is at least

e(G)_b_cH—b—l—c_b—a—c
2 2 N 2

(GIX,Y]) — Sb_ e ¥
elGLA, =1 2742 ©

N o

as desired.

Otherwise, we have b < 2a and we can take p = b/(4a) € [0,1/2). Let U be a random subset of X,
where each vertex is included independently with probability 1/2+p, and consider the cut (U, (X \U)UY').
Each edge in G[X] has probability 1/2 — 2p? of being cut, and each edge between X and Y is cut with
probability 1/2 + p. Therefore, the expected size of this cut is a(1/2 — 2p?) + b(1/2 + p), showing that
the expected surplus is

1 1 a+b+e c b2 b2
7—22) b<f )—725 —oapP -t =S >
a(z p) ol TP PP =578 25 a2 €

where we have used that a = e(G[X]) < n?/2 in the last step. O

13.1 Least eigenvalue version

Next, we show that a graph with large smallest eigenvalue contains a collection of large cliques such that
almost all edges are contained in the subgraph induced by the union of these cliques.

Lemma 13.2. Let s € (0,1/6) and § > 2s, then there exists € > 0 such that the following holds for
sufficiently large n. Let G be a graph on n vertices such that |\,| < n®. Then there exists X C V(G)
such that the number of edges not in G[X] is at most n®>~¢, and G[X] can be partitioned into cliques of

size nt=9.
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Proof. Choose any constants sg, dg > 0 such that s < sp and 259+ g < §. By Theorem 12.1, there exists
p = p(s0,80) > 0 such that every ng-vertex graph of edge density at least n,” and smallest eigenvalue at
least —n° contains a clique of size né_%o_‘so as long as ng is sufficiently large.

We show that e = min{1/16, p/5, (1 — s/s0)/2, (0 — dp — 2s0)/2} suffices. Delete all vertices of G of
degree less than d = n'~2¢, and let Gy be the resulting graph. Note that we removed at most dn edges.
Repeat the following procedure. If G; is defined and G; contains a clique of size n!=?, then let Cj,; be
such a clique, and set Gj+1 = G; \ Ciy1. Otherwise, stop, and let I be the last index i for which G; is
defined. We show that X = Cy U--- U7 is the required set. It is clear that X can be partitioned into
cliques of size n' 9, so it remains to show that the number of edges not in X is at most n?~¢.

Let Y = V(Gy), b = e(Go[X,Y]) and ¢ = e(Go[Y]).
Claim 13.3. If |Y| > n3/4, then ¢ > d?|Y'|?/(20n?).

Proof. As G has minimum degree d, we have b + 2c > d|Y|. Assume that ¢ < d?|Y|?/(20n?) < d|Y|/4,
then b > d|Y|/2. By Lemma 13.1, we have

2

surp™(G) > surp*(Gp) > T

Using that surp*(G) < [A,|n < n!*s we have

> — — .
=2 = 16n2 = 20n2

In the last inequality we used that d = n'=2¢ > n"/8 and |Y| > n?/4. O

Now we show that |Y| < n!=2¢. Indeed, suppose |Y| > n!=2¢. By the above claim, G} has at
least d?|Y|2/(20n?) > |Y|?n=%/20 > |Y|>7° edges, which shows that G has edge density at least
|Y'|75¢ > |Y|~*. Moreover, by Cauchy’s interlacing theorem, the smallest eigenvalue of G7 is at least that
of G, which is at least —n® > —|V[¥/(172) > _|y|*.

But then, as discussed above, Theorem 12.1 guarantees that Y contains a clique of size ]Y|1*250*‘50 >
pl=2s0-0=2¢ > pl=0 contradicting that Gy contains no clique of size n'~%. Therefore, we must have
‘Y‘ < n1726_

From this, the number of edges of G not in G[X] is at most

dn +e(G[X,Y]) +e(G[Y]) < dn+|Y|n < n'™=.
This finishes the proof. O

Next, we show that the graph between two cliques must be either very dense or very sparse. In order
to prove this, we use that graphs of small |\, | avoid the following simple graph as an induced subgraph.

Lemma 13.4. Let G be an n-vertex graph with the smallest eigenvalue A, and let X, Y C V(G) be disjoint
cliques of the same size. Then G[X,Y] has either at most O(|\,|?| X|) edges, or at least | X |>—O(|\n|?| X])
edges.

Proof. By the Cauchy interlacing theorem and Claim 3.3, G does not contain Hj, as an induced subgraph
for k = 2|\, 2. We may assume that | X| = |Y| > 4k, otherwise the statement is trivial. Then each vertex
in X has either at most k neighbours or at most k non-neighbours in Y. Moreover, each vertex in Y has
at most k neighbours or at most k& non-neighbours in X. Let Xo C X be the set of vertices with at most
k neighbours, and let X7 = X \ X, and define Yp,Y; C Y analogously. Suppose that Xy and Y; both
have size at least 2¢|\,|2. If the number of edges between X and Y7 is at least | Xo||Y1]/2, then there is a
vertex in X with at least |Y1]|/2 > k neighbours in Y7, contradiction. On the other hand, if the number
of edges between Xy and Y7 is at most | Xo||Y1|/2, then there is a vertex in Yj with at least | Xo|/2 > k
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non-neighbours, contradiction. Therefore, it must hold that at least one of Xy or Y] has size at most
2k. If | Xo| < 2k, then G[X,Y] has at least | X1|(|X| — k) > |X|? — 3k|X| = | X]? — O(]\u]?|X]) edges.
Otherwise, if |Yi| < 2k, then G[X,Y] has at most |Yp|k + |Y1||X]| < 3k|X| = O(|\|?|X]|) edges. O

We are ready to prove Theorem 1.6, which we restate here for convenience.

Theorem 13.5. Let s € (0,1/6), then there exists € > 0 such that the following holds. Let G be an
n-vertex graph such that |A,| < n®. Then G is n=¢-close to the disjoint union of cliques.

Proof. Let 6 =1/2 > 2s, and let g9 = £¢(s,d) > 0 be the constant guaranteed by Lemma 13.2. We show
that ¢ = min{1/7,e0/2} suffices.

By Lemma 13.2, there exists a set X C V(G) such that X can be partitioned into the union of
cliques of size ng = n'™%, and G has at most n?>~%° edges not in G[X]. Let Ci,...,Ct be the cliques
of size ny partitioning X, then I = |X|/ng. Lemma 13.4 implies that the bipartite graph between C;
and Cj; has either at most O(ng|\,|?), or at least n3 — O(ng|An|?) edges. In other words, (C;,C;) is
a O(|\n|?/n0)-homogeneous pair, whose definition appears in Section 9. Here, O(|\,|?/no) < n~/6.
Define the auxiliary graph T' on vertex set {1,..., I}, where we connect i and j if (Cy, C;) is n~/S-full.

Claim 13.6. I' contains no cherry.

Proof. If T' contains a cherry, it means that there is a triple (C;, Cj, C) such that (C;, C;) and (Cj, Cy)
are n~Y0-full, but (Cy,Cy) is n~Y%-empty. By Lemma 9.2, then G[C; U C; U Cy] has surplus at least
(1/4 —3n~1/6)|C;2 > |C;|n'/?/8, which shows that the smallest eigenvalue of G[C; U C; U Cy] is at most
—n'/2 /24, contradiction. O

Recall that graphs containing no cherry are the disjoint union of cliques. Therefore, we can partition
V(T') into sets I, ..., I such that I'[I;] is a clique and there are no edges between I; and I; in I'. But
ic1, Ci- Define G to be the graph on
vertex set V(G), where Y7,...,Y; are cliques, and all edges of G are contained in one of these cliques.

We prove that G is n~¢-close to G. For 1 < i < j < I, G[C;, 5] and C:’[CZ-,C’j] differ by at most
n2 - n~1/6 edges. Therefore, G[X] and G[X] differ by at most

(‘X\/no)ng /6 < p2-1/6

this gives a partition of X into sets Yi,...,Y; by setting Y, = J

2

edges. Furthermore, there are at most n?~%° edges of G' not in G[X], so G and G differ by at most
n2—eo 4 p2-1/6 < p2-—c edges. This finishes the proof. O

13.2 MaxCut version

Finally, we prove the MaxCut version of Theorem 13.5. Most of the proof of this theorem is identical
to the proof of Theorem 13.5, but a substantial difficulty arises when one tries the adapt the proof of
Lemma 13.4. Before, we start with a variant of Lemma 13.2.

Lemma 13.7. Let s € (0,1/60) and § > 2s, then there exists € > 0 such that the following holds. Let G
be a graph on n vertices such that surp*(G) < n'*s. Then there exists X C V(G) such that the number
of edges not in G[X] is at most n>~¢, and G[X] can be partitioned into cliques of size n*=°.

Proof. The proof this is almost identical to the proof of Lemma 13.2. The only difference is that we cite
Theorem 12.3 instead of Theorem 12.1. We omit further details. 0l
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Recall that Lemma 13.4 states that a pair of cliques in a graph with large smallest eigenvalue must
form a d-homogeneous pair for some very small §. The proof of this relied on finding a simple forbidden
subgraph Hj. Unfortunately, for graphs of small surplus, we do not have such a simple forbidden
structure anymore. Instead, we show that if G contains two large cliques, then the bi-adjacency matrix
of the bipartite graph between them is close to a rank-1 matrix. Then we show that this implies that the
bipartite graph is close to a graph of rank one, which is just a complete bipartite graph. We prepare the
proof of this with a couple of lemmas.

A Boolean matrixz is a matrix with only zero and one entries. First, we show that if a Boolean matrix
is approximated by a rank one matrix, then it is also approximated by a rank one Boolean matrix, or
equivalently, a combinatorial rectangle.

Lemma 13.8. Let A be an n x n Boolean matriz, and let § > 0. If there exist u,v € R"™ such that
|A — w2 < 6n?, then there exist x,y € {0,1}" such that | A — zyT||Z < O(5'/3n?).

Proof. Without loss of generality, we may assume that § < 1. Furthermore, we may assume that v and v
has nonnegative entries, as replacing every entry with the absolute value does not increase ||A — uvTH%.
Observe that ||ul|3||v]|3 = ||uvT ||%, which shows that

lull2llv]l2 < |AllF + Von < 2n.
We may rescale u and v such that ||uls = |[v]j2 < v2n. Let a = 66, and define z,y € {0,1}" such that

(i) = {1 if u(i) > a

0 otherwise,

and similarly

J(0) = {1 if (i) >

0 otherwise.

We show that zy’ is a good approximation of A. Note that ||A — zyT||% is the number of pairs (4, 5)
such that A; ; # z;y;. We count these pairs in three cases.

Case 1. A;j=1and z; =0.

In this case, we have u; < a. If v; < 1/(2a), then (4;; — u;v;)? > 1/4, so there are at most 4dn>
such pairs (4,7). On the other hand, the number of j such that v; > 1/(2a) is at most 4a?n, as
v||3 = > i1 ’0]2- < 2n. Therefore, the number of (7, j) such that A; ; =1 and x; = 0 is at most

4602 + 4a’n? = 46n? + 46302 = 0(6'/*n?).
Case 2. A;j=1and y; =0.
This is symmetric to the previous case, so the number of such pairs is also at most 0(61/ 3n?).

Case 3. A;j=0and z; =y; = 1.

In this case, u; > o and vj > @, so (4;; — wvj)?> > at. Thus, the total number of pairs (i,7) in
this case is at most on?/at = §1/3n2, O

Next, we prove a simple technical lemma which shows that the union of two cliques has large surplus
as long as the two cliques are not too disjoint, and do not overlap too much.

Lemma 13.9. Let G be a graph such that V(G) = C1 U Cy and E(G) = ((’;1) U ((’;2) Let |Cy \ Ca| = a,
|Co\ C1] = b and |C1 N Co| = c. Then

1
surp(G) > 1 min{a?, %, ¢*}.
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Proof. Let A= C1\ Co, B=C3\ C1, and C = C; N Cy. We may assume that a = b. Otherwise, if, say
a < b, we remove vertices of B\ C until its size is exactly a. Then it is enough to show that the resulting
graph has surplus at least %min{cﬂ, 2}

The number of edges of G is
2 atey_ (¢ <a2+2ac+é
2 2 2

If ¢ < a, then define the cut (U, V') such that U is some (a+ c¢)/2 element subset of A together with some
(a+ ¢)/2 element subset of B. The number of edges in this cut is (a + ¢)?/2. Hence, the surplus of G is
at least 1(a+c)? — 2e(G) = ¢?/4.

If ¢ > a, then define the cut (U, V) such that U is some (a + ¢)/2 element subset of C. Then the

number of edges in this cut is “—"“C -5t 4+ 2%”6 . + ia + ac. Therefore, the surplus is at least

a?/4. O
Now we are ready to prove our lemma about the surplus of the complement of bipartite graphs.

Lemma 13.10. Let s and 6 > 0 such that s + 66 < 1/2. Let H be a bipartite graph with vertezx classes
of sizen, and let G = H. If surp*(G) < n'**, then either e(H) < n?*~° or e(H) > n? —n?>70.

Proof. Let A be the adjacency matrix of G with eigenvalues Ay > --- > Ag,. Furthermore, let M be
the adjacency matrix of H, and let p1 > -+ > uo, be the eigenvalues of M. As H is bipartite, we have
Wi = —pon+1—i for i € [2n]. By Lemma 5.3 (4i) and Lemma 11.1, we have

(@) 20| =) 2o = P =0l 30

>\ <0 1#1,1;>0 7é1 2n

Hence, if surp*(G) < n!*¥, then we have > it1.2n p? = O(n3/2+s).

BT 0
with an appropriate n x n matrix B. Let v; be the principal eigenvector of M, then we can write v; =
(u,v), where u,v € R™ correspond to the two vertex classes of H. Then the eigenvector corresponding
to the smallest eigenvalue Ao, = —A1 is ve, = (u, —v), and we have

On the other hand, we can express ), £1,2n 2 as follows. The matrix M has the form M = < 0 B)

Z sz =M — )\11)11){ — )\QnUQnUQTnH%

1#1,2n
_ 0 B . uul uvT 4 T —n 2
“I\BT 0 o oo oo T »

=2||B — 22 uv?||%.

Therefore, |B — 2\1vu”||p = O(n3/>+2). But then by Lemma 13.8, there exist z,y € {0,1}" such that
|B —ayT||% = O(n®/6+3/3). The matrix xy” corresponds to a complete bipartite graph between the
vertex classes of H, let H denote this complete bipartite graph, and let Xy and Yy denote its vertex
classes. Note that e(H H) = lzyT||% = | Xo||Yol, and || B — zy”||% is the number of edges H differs from H.
Therefore, if e(H) < n%9/2, then e(H) < e(H) + || B — 2y ||z < n2~?, so we are done. We can proceed
similarly if e(H) > n2 — n2%/2. Hence, we may assume that n29/2 < e¢(H) < n2 — n%=%/2. We show
that this is impossible, by deriving that the surplus of G is too large in this case.

Let G be the complement of H. Then G and G differ by at most O(n%/6+5/3) edges. On the other
hand, G is the union of two cliques, having vertex sets Cy and Cy, where Xo = C1 \ Cy, Yy = Co \ (1,
and C;1 N Cy = V(G)\ (XoUYp). As n?7%/2 < e(H H) = |Xo|[Yol|, we have |Xq|,[Yo| > n'~%/2. Also,
as e(H) < n—n279/2 we have |G, N Cy| = [V(G)\ (Xo UYp)| > n2%/2. Hence, by applying Lemma
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13.9, we get that surp*(G) > Q(n2~2%). But as G and G differ by less than O(n%/6+/3) edges, and
5/6 4 s/3 < 2 — 20, this gives

surp*(G) > surp*(G) — O(n®/%%/3) > Q(n?>2) > nl+s
as well, contradiction. O

Now we are ready to prove the main theorem of this section, that is, Theorem 1.4, which we restate
here for the reader’s convenience. The proof is essentially the same as the proof of Theorem 13.5.

Theorem 13.11. Let s € (0,1/60), then there exists € > 0 such that the following holds. Let G be an
n-vertex graph such that surp*(G) < n'*s. Then G is n=¢-close to the disjoint union of cliques.

Proof. The proof is almost identical to the proof of Theorem 13.5, but we use Lemmas 13.7 and 13.10
instead of Lemmas 13.2 and 13.4. We omit further details. O

Finally, we show that the previous theorem indeed implies Theorem 1.8 after complementation.

Proof of Theorem 1.8. Define the positive discrepancy of a graph G of edge density p as

. _ U]
disct(G) = Urcn‘f/i()é)e(G[U]) —p< 9 )a

and define the negative discrepancy as

- Ul
d G)= —e(G[U]).
isc™(G) Uglvaté)p( o ) —elGlUl)
It was proved in [64], Lemma 2.6, that if G is regular, then surp(G) = O(disc™ (G)) and bw(G) =
e(@)/2 — O(disc(G)). Moreover, disc™(G) = disc™ (G). Therefore, the theorem follows from Theorem
1.4 after taking complements, and noting that if a reqular graph G is close to a complement of a disjoint
union of cliques, then G is close to a Turédn graph. O

14 Concluding remarks — Chowla’s cosine problem in finite groups

Littlewood’s Li-problem and Chowla’s cosine problem have also been studied in the setting of groups.
Green and Konyagin [42| proposed to study the smallest Li-norm of a dense set A C Z/pZ. 1If 14
denotes the Fourier transform of the indicator function of A over Z/pZ, they showed that Ta(r)| >
(log p)'/3=°(M)  which was later improved by Sanders [70] to (log p)'/?=°(). For sparser sets A C Z/pZ, a
similar question has been studied by Schoen [72] and Konyagin and Shkredov [55].

Paralleling the extensions of the Littlewood L;-problem, Sanders [71] extended Chowla’s problem to
finite abelian groups G as follows. For a symmetric subset A C G, one can define

Mg(A) = sup —1a(y),
yeG

where f: G — C is the discrete Fourier transform of a function f : G — C, and 14 is the indicator
function of A. Since A is a symmetric set, ]1\4 is a real function. The natural analogue of Chowla’s
problem is to estimate the minimum of Mg (A) over all centrally symmetric subsets A of size n. One can
quickly observe that Mg(A) need not go to infinity with the size of A. Indeed, if A is a subgroup of G,
then Mg (A) = 0. On the other hand, Sanders (|71, Theorem 1.3]) proved that if A is far from a subgroup
of G, then Mg (A) is necessarily large. Formally, he proved that for every § > 0 there exists ¢(§) > 0
such that if Mg(A) < |G|, then there is some subgroup H < G satisfying |HAA| < §|G|. Noting that
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the image of the Fourier transform ]1\4 is the spectrum of the Cayley graph Cay(G, A) generated by A,
we can use our main results to immediately improve these bounds, and to extend them to non-abelian
groups as well.

If G is a finite group and A C G such that A = A~!, define Mg(A) = max —\, where the maximum
is taken among all eigenvalues of the Cayley graph Cay(G, A), which then coincides with the earlier

definition for finite abelian groups. We show that Mg (A) is small if and only if A is close to a subgroup
of G.

Theorem 14.1. Let d,e > 0, then the following holds for every sufficiently large finite group G. Let
A C G such that A= A~". If Mg(A) < |G|Y/*7¢, then there exists a subgroup H < G such that

|HAA| < 8|G).

Moreover, if a > 0 is sufficiently small with respect to € and Mg(A) < \G|1/6*5, then there exists a
subgroup H < G such that
|[HAA| < |G|1.

The main idea of the proof is to show that Cay(G, A) is close to the disjoint union of cliques if and
only if A is close to a subgroup of GG. This is proved in the following lemma.

Lemma 14.2. Let G be a group and let A C G, A= A~Y, such that the number of pairs (z,y) € A x A
such that xy~" & A is at most e|A|>. Then there exists a subgroup H < G such that |[HAA| < O(/2| A)).

In the proof, we use an old theorem of Freiman [37] on sets of very small doubling, sometimes referred
to as Freiman’s 3/2-theorem. See also the blog of Tao [73| for a short proof. Given subsets A, B of a
group G, we write AB :={zy:z € A,y € B}.

Lemma 14.3 (Freiman’s 3/2-theorem). Let G be a group and let A C G such that |[AA™Y| < 3|A|. Then
AAY and A~ A are both subgroups of G.

Proof of Lemma 14.2. We may assume that ¢ < 1/1000, otherwise the statement is trivial. Also, we can
assume that the identity 1g € A, as adding 1 does not change the number of pairs (z,y) € A x A with
xy~! ¢ A, and it only changes the size of A by 1.

Let N be the number of pairs (z,y) € A x A such that xy~! ¢ A. Also, for every z € A, let

N(z) = |(zA)AA].

Then using A = A~!, we have

N = %ZN(x).

z€A

Therefore, ﬁ Y oseaN(z) < 2e|A| Let § = (26)'/2, and define
B={zeA:N(xz) <0d|Al}.

Then by simple averaging, we have |B| > (1 — 2¢/6)|A| = (1 — §)|A|. We also note that B = B~! as
N(x) = N(z71), and 1g € B. Observe that for every z1, 22 € B, we can use the triangle inequality to
write

|(z122A) AA| < |(21A)AA| 4 |(m122A) A(214)| < 26| A].
In particular, for every x € B - B, we have |(xA)AA| < 20| A|. Therefore,

> I(zA)AA| < 25|A||B- B,
x€B-B
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On the other hand, >~ 5 5 |(zA)AA| counts the number of pairs (z,y) € (B-B) x A such that zy ¢ A or
y ¢ xA. For every fixed y, the number of such pairs is clearly lower bounded by |B - B| — |A|. Therefore,
we can also write

Y l@A)AA] = |A(B - B| —|4]).

z€B-B
Comparing the lower and upper bounds on ) _p g [(zA)AA|, we get
26|A[[B - B| = [A|(|B - B| — |A]),
from which

1
1—-29

1B B| < Al < (1+408)|4].

Therefore,
(1-0)[A] < [B] < |B- B| < (1+44)|A],

which also implies that |B - B| < 3|B|/2. Hence, we can apply Lemma 14.3 to conclude that B - B is a
subgroup of G. Furthermore, as 1¢ € B, we have B C B - B, so |AN B - B| > |B|. In conclusion

|[AA(B - B)| < |A|+ |B- B| —2|B| < 60|A]|,
showing that H = B - B suffices. O

With Lemma 14.2 in our hands, Theorem 14.1 follows almost immediately from Theorems 9.4 and
13.5.

Proof of Theorem 14.1. We start with the first part of the theorem. We may assume that |[A| > |G|,
otherwise the statement is trivial by choosing H = {1g}. Let I' = Cay(G, A), and let \, = —Mg(A)
be the smallest eigenvalue of I, n = |G|. We may assume that 15 ¢ A, by noting that removing 1g
shifts the eigenvalues by -1. Therefore, I' is a simple graph with no self loop. By Theorem 9.4, the
inequality |A,| < n!/4¢ implies that I' is S-close to a disjoint union of cliques for any § > 0, given
n > ng(B,e). But then I' contains at most 38n® cherries by Lemma 9.3. This implies that there
are at most 64n? < 6(3/6%)|A|? pairs (7,y) € A x A such that xy~' ¢ A. By Lemma 14.2, then
|AAH| < O(BY?/5|A|) < én for some subgroup H < G, assuming § < 6.

The second part of the theorem follows essentially in the same manner, but we cite Theorem 13.5
instead of Theorem 9.4. We omit the details. O
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